MARKOV TRACE ON A TOWER OF AFFINE TEMPERLEY-LIEB
ALGEBRAS OF TYPE A,

SADEK AL HARBAT

ABSTRACT. We define a tower of affine Temperley-Lieb algebras of type A,. We prove
that there exists a unique Markov trace on this tower, this trace comes from the Markov-
Ocneanu-Jones trace on the tower of Temperley-Lieb algebras of type A,,. We define an
invariant of special kind of links as an application of this trace.

1. INTRODUCTION

About 30 years ago, V. Jones discovered one of the most famous invariants of oriented
knots and links [10]. The remarkable feature of the construction of this invariant is that it
works in a purely algebraic setting: it arises from certain trace functions (Markov traces)
on Temperley-Lieb algebras of type A. Later V. Jones, himself, redefined his traces on
Iwahori-Hecke algebras of type A, with a parameter "z" in the ground ring. Temperley-Lieb
algebras of type A are quotients of Iwahori-Hecke algebras of type A, which themselves are
finite-dimensional quotients of the group algebras of Artin’s braid groups (braid groups of
type A). The other remarkable feature of the above-mentioned invariant is that it is easy to
compute, yet it does not "distinguish" totally between oriented links, in other words there

exist at least two nonequivalent links having the same Jones polynomial.

Since then several generalizations of the construction of Markov traces beyond the type A
have been achieved, yet have been restricted to the "spherical cases", that is, braid groups,
Iwahori-Hecke algebras and Temperley-Lieb algebras associated with finite Weyl groups,
see [11] for a related study in type B. A classification of Markov traces on Iwahori-Hecke
algebras of type B and D was given by Geck and Lambropoulou in [2] from which we can
determine the Markov traces factoring by the corresponding Temperley-Lieb algebras by
noticing that the space of all trace functions on a finite-dimensional Iwahori-Hecke algebra
is spanned by the characters of the irreducible representations of this algebra, these char-
acters are essentially known [3].

In the affine cases one faces new difficulties, notably the fact that one must deal with
infinite dimensional algebras. The A-type affine braid group is the braid group under
question in this work; we call its elements affine braids. Geometrically, one can see several
presentations in the literature, among which we choose the one corresponding to the B-type
braid group (we call its elements B-braids) [9]. In [5] we see that the B-type braid group is

a semi-direct product of the A-type affine braid group with a normal subgroup generated
1
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by one element (acting on the affine braids as the "Dynkin automorphism' which is to be
defined in the third section). In particular every affine braid is a B-braid.

In [9] we give a definition of an affine oriented link to be the closure of an affine braid
seen as a B-braid;

or equivalently to be: an oriented link in a solid torus which makes the same number of
positive and negative rounds around the "middle hole";

or equivalently to be: an oriented braid in S% in which the number of positive rounds
equals the number of negative rounds, around a fixed circle (links which do not make rounds
are counted here, in other terms every oriented link -in the usual sense- is an affine oriented
link).

Hence, an invariant of oriented affine links is an invariant of oriented links.

In this paper, we will essentially work on the images of the affine braids in the affine
Temperley-Lieb algebra of type A (in the literature it is sometimes called non-extended
affine Temperley-Lieb algebra in order to distinguish it from the extended affine Temperley-
Lieb algebra which is a slightly larger structure, see [5] and [4]). We will use purely algebraic
tools to establish the existence and unicity of an affine Markov trace on the tower of affine
Temperley-Lieb algebras.

This affine Markov trace thus defines the unique Jones-like invariant of oriented affine
links, when composed with the following path:

Affine oriented links — Affine braid groups — Affine T-L algebras.

The paper is organized as follows. -
In section 2 we recall the definition of the affine Temperley-Lieb algebra TL,1(q), of
type A,. This algebra has a basis (gw)wewc( 4,) indexed by the fully commutative elements

in the affine Coxeter group W (A,) of type A,. We also state Jones’s theorem on existence
and unicity of the Markov trace on the tower of Temperley-Lieb algebras of type A.
In section 3 we build a tower of affine Temperley-Lieb algebras of type A:

TLi(q) 25 TLy(q) = TLs(q) — ... TLy(q) = TLoya(q) — ...

(Remark that W(A,) is not a parabolic subgroup of W (A, 1) hence the definition of the
morphism £, is not straightforward. Also remark that we do not know whether F), is
injective.) We then define what should be the Markov conditions in the affine case.

We start section 4 with a study of the traces on TLsy(q) and TLs(q) that are invari-
ant under the Dynkin automorphism. We proceed and define Markov elements: those
elements of T'L,.1(q) that belong either to F,(TL,(q)) or to F,(TL,(q))gs, Fn(TLy,(q)),
where {o1,...,0,} is the set of Coxeter generators of W (A,). We then use the main result
of [6], which is a classification of fully commutative elements in the affine Weyl groups of
type A, to prove that any trace on ﬁnH(q) for n > 2 is uniquely defined by its values on
Markov elements. This is Theorem 4.6, a crucial step in the paper.

The tower of affine Temperley-Lieb algebras of type A surjects onto the tower of Temperley-
Lieb algebras of type A and we prove in the beginning of section 5 that composing the
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Markov trace on the latter with this surjection provides indeed an affine Markov trace on
the former. We then show the uniqueness of the components of an affine Markov trace
on ﬁg(q) and ﬁg(q), which, combined with Theorem 4.6, leads us to the main Theo-
rem 5.5 asserting the existence and uniqueness of the Markov trace on the tower of affine
Temperley-Lieb algebras of type A.

2. THE AFFINE TEMPERLEY-LIEB ALGEBRA

Let K be an integral domain of characteristic 0. Suppose that ¢ is a square invertible
element in K of which we fix a root \/g. For z,y in a given ring we define V(z,y) :=
xyxr +zy +yr +x +y+ 1. We mean by algebra in what follows K-algebra.

We denote by B(A,) (resp. W(A,)) the affine braid (resp. affine Coxeter) group with
n + 1 generators of type A, while we denote by B(A,) (resp. W(A,)) the braid (resp.
Coxeter) group with n generators of type A, where n > 0. By definition B(A,) has

{o1,09,...,0n,a,11} as a set of generators together with the following defining relations:

1) 0,0; = 0j0; where 1 <4,j <n when |i — j| > 2,
2) 0,0;410; = 0;410;0;11 when 1 <7 <n —1,

(1)
(2)
(3)
(4)
(5)

Q

iQpy1 = Ap10; when 2 <7 <n—1,
4 010n+101 = p4+1010n+1 for n Z 2,
5) OnQpi10y, = Gpi10p0,11 for n > 2,

while B(A,,) is generated by {o1,09,...,0,}. We let We(A,) (resp. W¢(A,)) be the set of
fully commutative elements in W(A,,) (resp. W(A,)).

For n > 2, we define ﬁn+1(q) to be the algebra with unit given by a set of generators
{ Gors s Gons Jania }, with the following relations [4]:

90:9o; = 9o;90; for 1 <, j <mand [i —j[ > 2,
9o:9ani1 = Jani1 9o, for 2 <i <n—1,

9o.90:1190; = Jois1 90,90y for 1 <i<n—1,

(2.0) 9o;9ani190; = Yans190,9ans, for i =1,n,

gz, =(q—1)go, +qfor 1 <i<n,

ggn-&-l = <q - 1)gan+1 +q,

V(9oir 9oi11) = V(9o1s Ganis) = V(ons Janyn) =0 for 1 <i<mn—1.

We set ﬁl(q) = K. For n = 1, the algebra ﬁg(q) is generated by two elements: ¢, , g,
with only Hecke quadratic relations. That is:
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ggl = (q - 1)901 +q and gZQ = (q - 1)9&2 +q.

The set {gw tw € Wc(An)} is well defined in the usual sense of the theory of Hecke
algebra and it is a K-basis [1, §2]. We set T, ., (resp. T5, for 1 < i < n) to be \/qga,.,

(resp. \/qgs, for 1 < i < n). Hence, T, is well defined for w € W¢(A,), it equals q@gw.
The multiplication associated to the basis {Tw Tw € WC(An)}, is given as follows:

TwT, = Ty whenever [(wv) = l(w) + [(v),
T.Ty = /q(q — V)Ty + ¢*Te whenever [(sw) = [(w) — 1,
for w, v in WC(/[n) and s in {0y, ..., On,ni1}-
In what follows we suppose that ¢ + 1 is invertible in K, we set § = 5 +qiq_1 =@ qu)Q in
K. In view of [5] , for 1 < i < n we set f,, := ggﬂl and fo, , = g“’;j‘:l“. In other terms

9o, = (q+1)fs,—1,and g,,,, = (¢+1)fa,,, —1. The set {fw Tw € Wc(ffn)} is well defined
and it is a K-basis for TL,1(q).

The classical Temperley-Lieb algebra of type A with n generators, T'L,(q), can be re-

garded as the subalgebra of TL,1(q) generated by {guy, .. o}, with {gu : w € W(A,)}
as K-basis. We set T'Lo(q) = K.

Now we consider the following tower:

TLo(q) CTLi(q) ... C TLy1(q) CTLyn(q) ...

A fundamental result of Jones is the following:
Theorem 2.1. [10] There is a unique collection of traces (Tp+1)o<n 01 (T'Ly)o<n, such that:
(1) 7 (1) =1.
(2) For 1 < n, we have 71 (RTEY) = 7,(h), for any h in TL,_(q).

The collection (7,41)o<n is called a Markov trace. Moreover, for any a,b and ¢ in T'L,(q)
and for n > 1, every 7,41 : TL,(q) — K verifies:

Tna1(0T5, ¢) = 1,(bc) and 7,11 (a) = =27, (a).
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3. THE TOWER OF AFFINE TEMPERLEY-LIEB ALGEBRAS AND AFFINE MARKOV TRACE

In this section we define a tower of affine Temperley-Lieb algebras, we show that this
tower "surjects" onto the tower of Temperley-Lieb algebras mentioned in the previous sec-
tion, and we define the affine Markov trace.

We consider the Dynkin diagram of the group B(A4,).

01 02 On—1 On

Ap+1

We denote the Dynkin automorphism (o7 — 09 +— -+ — 0, — apy1 > 01) by ¥p1. We
have the following injection:

Gy K[B(A1 )] — K[B(A,)
o; — 0; forl<i<n-—-1

Ay, — ananﬂarjl
We prove in [7], to which we refer for details, that GG,, induces an injective homomorphism
of the corresponding Hecke algebras |7, Proposition 4.3.3]. This homomorphism induces in
turn a map at the Temperley-Lieb level that is an algebra homomorphism [7, §5.2.3], but
in the affine case, the possible lack of injectivity forces us to use different notations for the
generators of T'L,,(q) and TL,+1(q). In the following Proposition we use {tgl, o ton_l,tan}

as the set of generators for ﬁn(q) satisfying relations (2.0) (with ¢ replacing g and n re-
placing n + 1).

Proposition 3.1. The injection G,, induces the following morphism of algebras:

F,: ﬁn(q) — ﬁn+1<q)
lo, —> o, for 1 <1 <m—1

—1
la, — 9o,9a1,41Y0,, -

Notice that the conjugation by 0,0, 1..01a,41 in B(A,) acts on the image of B(A,_1)
as ¥t (09 v ap = 0p_1 = Op_o > .09 — 01). We denote by ¥ the automorphism of

Gn(B(A,_1)) image of 1,,. We thus write (0,..01a,1)%h = ¥4 (h)(0,..010,41)%, for any h
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in G, (B(A,_1)). This convention is specially important when used for the affine Temperley-
Lieb algebra. Indeed 1,1 also acts as an automorphism of the algebra ﬁnﬂ(q) and the
conjugation by gs,o,_1.01an, i ﬁn+1(q) stabilizes the image of ﬁn(q), on which it acts
like the image ¥ of 1, under F,. We then write likewise:

(1) d h=WU"%h) g for all h € F,(TLy(q)) and d € Z.

go’na'nflna'lanjtl go'na'nfluo'lan#»l

We also prove in [7, §5.2.2]:

Proposition 3.2. The following map is a surjection of algebras

By : TLyii(q) — TLy(q)
Jo; — o, for 1 <i<n
gan+1 — gO’l"‘gUnflgUnga_nlfl”'gO_'ll'

Moreover, the following diagram commutes:

_ F, _

TL,(q) > T'Lyi1(q)
En—l En
TL, 1(q) > T'L,(q)

Note that E,, composed with the natural inclusion of T'L,,(¢) into ﬁnﬂ (q), gives Idry, (g)-

In view of Proposition 3.1 we can consider the tower of affine T-L algebras (it is not
known whether it is a tower of faithful arrows or not):

F, 75

TLi(q) 22 TLy(q) =2 TLs(q) — ... TLu(q) = TLyi1(q) —> ...

Definition 3.3. We call (7,,)1<n an affine Markov trace, if every 7, is a trace function on
T L,(q) with the following conditions:

° 7A'1(1) = 1,
o T (F(W)TEY) = 74(h), for all h € TL,(q) and forn > 1.
e 7, is invariant under the Dynkin automorphism 1, for all n.
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Remark 3.4. We notice that the second condition gives us that 7A'n+1<Fn(h)T*1> =7, (h),

which means that:
%n+1(Fn(h)[;2Tan _ qq_ﬁl]) — %0 (h). Thus %11 (Fu(h)) = —CH_\/;%n(h).

Remark 3.5. The third condition of Definition 3.3 is, in fact, not independent, i.e., it
results from the first and second conditions. We just have to see that if we have two ele-
ments in TLn(q), say x and y, such that ¥, (x) =y, then F,(x) and F,(y) are conjugate in
ﬁn+1(q), by some power of the element go, . 5.a,,,, Which results from (1) above. Never-
theless, we will keep viewing it as a condition and study traces invariant under the Dynkin
automorphism.

4. ON THE SPACE OF TRACES ON T'L,1(q)

4.1. Traces on TLy(q). The algebra TLy(q) is generated by the two elements f,, and f,,
with relations f2 = f,, and f2, = fa,. Moreover, T'Ly(q) has {fw; w e W(fll)} as a K-basis.
The aim of this subsection is to parametrize all traces over this algebra that are invariant
under the action of the Dynkin automorphism v, which exchanges f,, and f,,. Clearly, any
trace that has the same value on f,, and f,, is invariant under the Dynkin automorphism .

Proposition 4.1. Let Ay, A1 and (;)i>1 be arbitrary elements in the ground field. Then,
there exists a unique trace t on T'Ly(q), invariant by the action of 1, in such a way that:

Ay =1(1), A1 =t(f5,) and ai = t((for0)").
Proof. We start by the existence. Let ¢t be the linear function given by:

t:TLy(q) — K
(1) = A
t(fal) = t(faz):Al

t((fmaz)s) = t((famn)s) = t((famg)sfm) = t((fazm)sfaz) = Qs

where Ay, A; and «; are arbitrary elements in the ground field for ¢ > 1.

We show that this linear function is a trace. First we see that t is, by definition, invari-
ant under the Dynkin automorphism 5. In order to show that t is a trace, we show that
t(zy) = t(yx) for any x and y in ﬁg((]). The way to do so, is to show that it is true when x
is any element of the left column, and y is any element of the right column, in the following
table:
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[1](fora2)* [1](foras)"
[2](fazer)" 2] (fazer)"
[31(fo1a2)" for [3'(fora2)" for
[4](fazos )" faz [4])(fazor)" fa

The only cases to consider are [1-2°], [1-3’], [1-4’] and [3-4’], up to applying .
[1-2°]:
Here, t(xy) = t((fmaz)k(fmm)h) = t((faum)kfazm(fa201)h_1> = t((fmaz)k(fm@)h_lfm)

= t((falaz)k+h_1fa1> = Ok4h-1,

while t(?ﬂ:) = t((fazm)h(fmaz)k) = t((fazm)hfmaz(falaz)kil) = t((fazm)h(fazm)kilfaz)

= Og4h—1-

[1-3’]:

Here, t(xy) = t((fgm)k(fgm)hfm) = t((fgm)“hfgl), which is equal to ayqp,

while #(yz) = ((foraa)"for (Fora2)") = 1((foraa)"™") = Qi
[1-4°]:
Here, t(2y) = t((foi02)* (fazor)" fuz) = t((forax)" fuo(Foraa)") = t((foraa) ™) = cvrn,

while t(yx) = t((fazm)hfaz (fmaz)k) = t(faz (fmaz)h(fmaz)k) = t(faz (fa1az)h+k> = Qth.
[3-4]:
We see that: t(:z:y) = t((falaz)kfm(fazrn)hfaz) = t((fa1a2)k+h+1) = Ok+h+1,

Whﬂe t(yx> = t((ftmcfl)hfaz(ft?l@)kfal) = t((fazﬂl)thkJrl) = Ok4h+1-

Now, we end the proof by showing the uniqueness. Let ¢ be a ws-invariant trace on
T Ly(q). We have necessarily t(f,,) = t(fa,), since t is a ¢o-invariant, call this value A;. For
every s > 1 we have t((fgla2)5> =t (fag,,l)S), since t is a trace, call this value a,. Finally,

we have o = t((f01a2)3f01> = t((fawl)sf@), since t is a trace, and f,,, f,, are idempotent.
Call t(1) = Ay, thus, ¢ is uniquely determined by Ag, A; and ag, for s > 1. O
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4.2. Traces on ﬁg (¢). In this subsection, we parametrize all the traces over ﬁg(Q), which
are invariant under the action of the Dynkin automorphism 3.

The affine Temperley-Lieb algebra in three generators g¢,,, g,, and g,, can be presented
by those generators with the relations of Hecke algebra, together with:

V(9o1>902) = V(9015 9as) = V(9os» Gas) = 0.

As we did for ﬁg(q), we change the generators as in section 2: we use f,, = goit1

q+1
i = 1,2, the same for f,,. T'L3(q) is presented by these three generators and the following
relations:

for

f2 = fo, fori=1,2and f2 = fo,
faifagfcri - 5fa,~ and fagfaifag = (Sfa3 for i = 1,2
fa1f02f01 = (5fa'1 and f02f01f02 — 6f02-

Here we will use the K-basis {fw; w e WC(Az)}

Lemma 4.2. Let h and k be two positive integers. Then:

5 (frsmiaa)  forh <k.

(f0201a3>k(f0102a3>h = -
O fosas (foronas)  Jor b= k.
F (frromaa) | Jorh> k.
(falazag)h<foza1a3)k = h
M foran (franas)  Jor h< k.
Proof. By induction, with a direct computation the Lemma follows. 0

Now we parametrize all the traces on ﬁg((]) which are invariant by the Dynkin auto-
morphism 3. We know that any element of the K-basis { fusw € Wc(flg)} can be written
as follows (see [6]):
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1 1 1 1
fu > (Frroras)® < ot fu > Frrom)t < o
f01a3 fUQUl f0'2(13 fUlO’Q

Lemma 4.3. Let k be a positive integer, then for any w, such that l[(w) = 3k, the element
fuw s the image, under some power of the Dynkin automorphism 13, of one of the following
elements (foyoras)® 07 (foro0a3)". Similarly for any u of length 3k + 1 (resp. 3k +2), the
element f, is the image under a power of 13 of one of the following elements (faryo1a3)* fos

or (f0'10'2043>kf0'1 (resp <f0'20'1a3)kf0'20'1 or (f0'10'2a3>kf0'10'2)'

1 1
(fczﬂlag)k f(72 and (f0102a3>k fUl
fUQO'l fUIUQ
Proof. The proof is direct, by induction over k. O

Proposition 4.4. Fori > 1, let By, By, By and 3; be in K. Then, there exists a unique, 13-
invariant, trace over T'L3(q), say s, such that: By = s(1), By = s(fs,), B2 = $(fo,05), P1 =
S(f0102a3)7 5’6 = S((fam'zag)kfdl) and Bk = %S((falazag)kfalag); fOT k>1.

Proof. For the existence, we consider the following linear map s. We can show, using Lemma
4.3, that it is indeed a 1)3-invariant trace.
s is given as follows, s : TLs(q) — K
S(l) = Bo,
s(for) = 8(fo) = s(fa3) = B,
s(fu) = Bs for any uin W¢(As) with [(u) = 2,

Br  when [(v) =3k, or I(v)=3k+1,
and 5(f0) =Y 55 when [(v) =3k+2, for k>1,

where [y (for 1 < k), By, By and B; are arbitrary in the field K.
For the uniqueness, we follow the steps of the proof of Proposition 4.1. O
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4.3. Markov elements. We consider F, : TL,(q) — TLyn41(q) of Proposition 3.1. In
this subsection we set F' := F,,. We give a definition of Markov elements in T'L,,;1(q) for

2 < n. Then we show that any trace over ﬁnﬂ(q) is uniquely determined by its values on
those elements.

Definition 4.5. For F' as above, and n > 2, a Markov element in Tznﬂ(q) is any element
of the form AgS B, where A and B are in F(TLy,(q)) and € € {0,1}.

The aim of this subsection is to prove the following Theorem.

Theorem 4.6. Let 7,,.1 be any trace over ﬁnﬂ(q) for n > 2. Then, 7,1 is uniquely
defined by its values on the Markov elements in T L,11(q).

The proof of Theorem 4.6 is divided into two parts. In the first we show some general
facts, in the second we prove the above Theorem for n > 3. For n = 2 we will not give the
proof, as it is pretty long and available in [8]. Note that in the final proof of Theorem 5.5
we will not need the case n = 2 above.

We use in the proof the same notational convention as in Proposition 3.1: we denote by
{tgl, corton 1, tan} the set of generators for T'L,,(q) satisfying relations (2.0) (with ¢ replacing

g and n replacing n + 1), and we use the corresponding basis {tw Tw E WC(A,;l)}.
Part 1

In this part, we suppose that 7,1 is any trace on ﬁn+1(q). We will apply 7,41 to
TL,1(q) assuming that 2 < n, and show that 7,1 is uniquely determined on T'L,1(q)
by its values on the positive powers of gs,5,_,.01a..,, i0 addition to its values on Markov

elements. From now on we denote by w: an arbitrary element in W¢(A,,).

Lemma 4.7. In TLy1(q) we have:

i=k—1

(1) 9o, (90n0n71--01an+1)k = (q - 1)(gonanf1--01an+1>k + fi(go'no'nfl--Ulanqu)i
=1
oo IRl .
+A(90n—10n—2..01F(tan)) Yor & (F<<tan>7 ))a
7=0
i=k—1 ‘
(2) (gonan—1..01an+1)kgan =(q— 1)<gan0n—1-~01an+l)k + hi(ganan—1~~o'1an+l)z
=1
j=k-1 .
+ A H \P_J<<90n71)_1>90n (gcrnfwnfzuan(tan)) )
=0

with A in the ground field and f;, h; in F(T Ly (q)).
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Proof.

[ (ganan_l..alan+1)k = ((] - 1) (ganan_l..alan+1)k
+ qga'n—10'7z72~~0'1F<tan)gUnF((tan)il> (go'nUn—l--Ulanﬁ»l)kil

= (q - 1) (gon07k1-~01an+1)k+
1o ssers F (1) 9 (9000 rranss) O (Fl(E0) ™).

So, by induction on k, (1) follows. In the very same way we deal with (2), by noticing
that: ga,., 90, = 95, F(ta,) 92, = (¢ = 1)a,in + 095, F(ta,)- O
A main result in [6] is to give a general form for “fully commutative braids”, from which
we deduce that any element of the basis of T'L,,1(q) (where we have the convention 0,1 = 1

in W(A,) thus ¢s,6, ,.0, = 1 when i = n + 1), is either of the form
C(go'nUn—l--Ulan+1)kgo'na'nfl--o—i

or of the form

k
gUiO--UQO'la”rH»l(go'no'nfl--o'lawri»l) AGonon_1..0;

where ¢ and d are in F(TL,(¢)), 1<i<n+1land0<iy,<n—1.

By Lemma 4.7 c(ggnan_lnalawl)kggnan_luai is of the form:

h
Cj (gano'nfl--o'lan+1 )J + M

J

Il
=

J

Where h <k, ¢; is in F(TL,(q)) for any j and M is a Markov element.

Now we deal with the second form:
: o ) = o )
n+1\YGos,..o201an11C\Gonon_1..01an41) Yonon_1..06 ) = Tnt+1\YGonon_1..0:90:,..0201an11N\Yonon_1..01an11) |-
For any possible value for ¢y or ¢, we see that:
s I

0
gcrnan_l..Uigaio..agalan+1C(gonon_l..alan+1) = CYo, (gonan_1..01an+1) c,

where ¢, ¢ are in F(TL,(q)) and s < k + 1. By Lemma 4.7 we see that this element is
of the form:

j=h '
Z fj(gUnUnfl..Jlan+1)J + M,
=1
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where h < k+1, f; isin F(TL,(q)) for any j and M is a Markov element .

Hence, we see that in order to define 7,,; uniquely it is enough to have its values on
Markov elements and its values on Q(go,o, 1 01an.1)"s Where 1 < k (since if k is equal to 0

then we are again in the case of a Markov element) and  is in F (ﬁn(q))

Lemma 4.8. Let 2 < n then 7,1 is uniquely defined by its values on Markov elements, in
addition to its values on (Go,on 1 crans,)”s with 0 <k .

Proof. In order to determine 7,44 (h(ggno-n_l__o'lan+1)k>, with a positive k£ and an arbitrary h

in F(ﬁn(q)), it is enough to treat Tn+1(F(tm)(gananfl._glanﬂ)k), with = in W¢(A,_,), but
the fact that 7,,; is a trace, in addition to the fact that g,.s, .04, acts as a Dynkin
automorphism on F (ﬁn(q)), authorizes us to suppose that x has a reduced expression
which ends with o,,_1.

Now we show by induction on I(z), that 7,41 (F(tm)(gangn_l,,glanﬂ)k) is a sum of values

of Tni1 OVEr (Gonom 1.01anss )", elements of the form h(gpno, 1 .ovan, )’ With i < k and Markov
elements, (of course with coefficients in the ground ring which might be zeros).

For {(z) = 0 the property is true. Take [(x) > 0, and let x = 20,1 be a reduced
expression, hence:

Tn+1 (F<tr)(90n0n71~01&n+1)k) = Tn+1 (F(tfz)F(ta'nfl)ga'na'nfl--o'lan+1 (ga'no'nfl--o'lanJrl)k_l)

= Tn+1 (F(t2> 9o,-190,90,_1 9or_s..01an4+1 (gananq--manﬂ)k_l)'
—— —

:_V(gdn,1 790‘71)

Recalling that V(g,, ,,9s,) = 0, this is equal to the following sum:

— Tp+1 (F(tz)(ganan_1..a1an+1)k)

(

(F(t)90, s-010001 (Gonn 1 rrans) )

— 711 (F ()90, 9o .01 Joulans (Gonon 1.010000)" )
(

F(tz)go'n—Q--Ul 9on9an 11 (ganon—1..01an+1 )k_l) .
——
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Now we apply the induction hypothesis to the first term. The second and the third terms
are equal to:

Tn+1 (F(tz)gon1gon2..01F(tan>gvnF((th)_1) (gUnO'nluo'lanJrl)kl)

+ That (F(tz>ga-n2,.01F(tan>gUnF(<tan>_1) (gﬂnffnl-ﬂlanﬂ)k_l)a

which is equal to:

Tn+1 ( gk (F((tan)il))F(tz)go'nflgﬂ'n—l.glF(t(ln) (gan (gcrnonf1~01an+1>kil)

+ Tnt1 (‘Ijlk (F((tan)71))F(tz)gonfz..mF(tan) (gon (90n0n1~~01an+1>k1)>

The fourth and the fifth terms are equal to:

Tn+1 < F(tz>gan_1gan_2‘.glF(tan) (gan (gonan_1..a1an+1)kl>>

+ Tn+1 (F (tz)gan_g..alF<tan> (gan (ganon_l..alan+1)k1)> .

Thus, Lemma 4.7 tells us that the property is true for those four terms. This step is
to be applied repeatedly, to the powers of gs,0,_,.01a,,, down to an element of the form

Tnt1 (h(ganon%“alanﬂ)l), arriving to the sum of:

Tn+1 (gonanq..man“)
and
/
Tn+1 (h Gop_1..01an41 ) )

which is the sum of values of 7,1 on Markov elements, since h, h’ € F (ﬁn (q)) O
We end this part by the following Lemma:

Lemma 4.9. Let 1 < k. Then (g,,ngnfl..Ulanﬂ)’~C is a sum of two kinds of elements:

J "y
(1) 9o, (ggn,lgn,Q.,glF(t%)) oo b, with j < k.
2) (9onr0n 2 Fta,)) o f with i <k,

with h, f in F(ﬁn(q)> and 2 < n.

Moreover, in the first type we have one, and only one element, with j = k, in which we
have:
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Proof. Suppose that k = 1. Then,

Yonon-_1..01an+1 — Yop (gan_mn_z..cnF(tan))ganF(tan>_17
the property is true.

Suppose the property is true for k — 1, then, with 2 < k, we have:

k __ k—1
(go'na'n—1~-o'lan+1) = (go'na'n—l~-0'1an+1) Yonon_1..01an+1"

We apply the property t0 (gonon 1. 01ani1)" ', which gives two cases:

’

(1) gO’n (gUn—la'n72-~0'1F(tan)>] go’nhg(7'n0'n71-~a'1an+17 Wlth j/ S k - ]‘ Wthh ls
9o, (gan_lan_Q_.olF(tan)y ganganan_lnglanﬂllf*l (h), which is equal to:

9o, (gan_lan_z..glF(tan))jlﬂganF((t%)—l)\I/—l(h)

_ J' _
+ (C] - 1)gUngUnU'n—l~-Ulan+1\Il ! <<go'n—10'n—2~-UIF<tan>) )\1} ! (h) .

Since, 7' + 1 < k, the first term is clear to be of the first type, while the second
term is equal to:

-/

(4= 1)90-1.0F (tan) 9o F (1) ™ )™ ((Gns0nmanon Fllan) ) )W (h)+

(q _ 1) 29%%,1..01@”“‘1’_1 ((ggn,lon,Q._glF(tan))j/> v (h> :

Here, the first term is of the second type (with i = 1 < k), and the second term
is of the first type (with j = 1).

’

(2) (gon,lgn,Q,,olF(tan))l Gon [ Gonon_1.o1ans1, With @' < k — 1, which is:

(go'nfla'an--o'lF(tan))ilgo'nga'no'nflna'lanﬁ»l\Ij_l (f) -

Q(gan_wn—z..mF(tan))i,—i_lganF((tan)_l)qj_l(f)+

-/

(0= 1) 900 (9on-s0 F (1)) 9 F (t0) ™) U™ (G s F(tan)) ) O ():

Since 7' + 1 < k, the first term is of the second type, while the second term is of
the first type with j = 1. The Lemma is proven.

(By induction over k again, the last formula is easy).
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Part 2

In this part we treat Theorem 4.6 when n > 3. As said at the beginning of Part 1, for
n > 3, and by sending the “fully commutative braids” onto T'L,(q), we get that any element
of the basis of T'L,11(q) is a linear combination of two kinds of elements, namely:

I = Fn(tu> (go'na'nflno'lan«!»l )kgo'no'nflno's’

_ k
IT = gOiO--0201an+1Fn(tU)(gananq--manﬂ) Jonon_1..03

here, u is in WC(A,:,l), where 1 <s<n+1with0<i;<n-—1and0<k.

Using Lemma 4.7 we see that:

(gonanfyﬂlanﬂ)kgan = (q - 1) (go'na'n—lua'la’rﬂrl)k

i=k—1

+ Z hi(gangn_l..alan-‘rl)i

=1

j=k—1 k

N | R (7 I P Sy ()

Jj=0

but, I = Fu(ty) (Gonon 1 ovanis) Gon Jou_ 100, that is:

I = ((] — 1)Fn (tu) (ganon,l..alawﬂ)kgtfnfy-ffs

i=k—1

—+ Z hZFn<tu> (ggngn_l.‘alan+1)igan—yﬁs

=1

j=k—1 &

+ A H Fn<tu>‘yij(<ganf1)il)gan (gonflonfzan(tan)) Jop_1..05

J=0

Using the action of go,.0,_;.01a,,, O F.(TL,(q)), we see that:

i=k .
I = Z Fn (tb.L) (ganan_l..alan_H)Z + Z Fn (tbj)gUnFn (tdj),
i—1 J

where bj, ¢; and d; are in W¢(A,_,), for every i and j.
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Now, we see, as well, that:

Il = gvio--azalganHFn (tU) (go'no'n—l--o'lan+1)kgano'nfl--o's

= gaio--azaan (tan) 9oy, (gU7L0n—1--Ulan+1)k or (Fn (t;,})Fn (tu>)gonan—1--asa

since ga,,, = Fulta,)9o, Fa(ty!).
By Lemma 4.7, we see that I is equal to:

(4= Doy-r201 Fo (L) (ganan,l.manﬂ)k\lfk (Fu(ta!) Fult)) 9ouon .o

i=k—1

k— )
+ Z Yoiy..0201 ( an>fz (ganon_y.manﬂ)lqjk (Fn(t;nl)Fn(tU>>ganan_1..as

i=1
=k—1
+ Agcrio..ozm Fy (tan) (ga'nflo'n72 o1 ) Gon B H qﬂ( ( ))\I/k (F (t., @ )Fn(tw)gcfnanq..asa
which is equal to:
ZF ( )(gU 1On—1- 01an+1> Yon Gon_1..0s
k—1
- AgJiO"”Ul Fy (ta") (gU“—W"—Q o1 ) Gom ] H \Ij]( ( - ))‘Ijk (Fn(t;j)Fn(tu))ganan_L.Usa

where } is in W¢(A,,_,) for all i.

Now we repeat the same step as for I, to get the next corollary.

Corollary 4.10. Let 3 <n. Let w be in W¢(A,) .

Then there exist 0 < k and 1 < s < n+ 1, there exist x; , y; and z; in WC(A;_l) [With
the convention W¢(Ay) = W(Az)] such that:

i=k
- ;Fn (t2) (gm0 rooransa ) + ZF (1)) gon Fu (1)) s

Now we suppose that 3 < n. Consider the following sequence:

TLy1(q) — TLo(q) — TLyii(q).
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We keep using t,, (resp. go,) as generators of TLy,(q) (resp. TLni1(q)). We use e,
for TL,_1(q). With a simple computation, we see that g, commutes with F,F,_1(e,,),
for 1 < i < n—2, and with F,F,_q(e,,_,), hence it commutes with every element in

Fnanl<ﬁnfl(Q))-

Lemma 4.8 and Lemma 4.9 confirm that 7,1 is uniquely defined over ﬁnH( ) by its
values on g,, (9o, 101 o.01F (ta,))*go, h, for a positive k& and an arbitrary h in F(TL (q))
beside its values on Markov elements. In other terms: 7,,.; is uniquely defined over TLnH( )

by its values over g, (ganflan%._alF( an)) gULFn< U), with a positive £ and an arbitrary v

in W¢(A,_1), besides the values on Markov elements.

Set I := T, <ga'n (go'nflo'n72--0'1F( an)> gonFn< v))’

by Corollary 4.10 we see that:

D Y (99 | (R
i=1

c

+ Z Fn—l (eyj)ton,l Fn—l (€zj)ton710n72~ffs

J

B

+ Z Fo_1 (ey;)tonqpnfl <€Z§')’

J

A

where 0 < h and 1 <s <n—1. With z; , y;, 2;, y; and 2] are in We(A,_s).

We have added the third term C to the two terms of Corollary 4.10, because we had to
take into account here, the case of s =n + 1, ie., g,,., = 1 for We(Ap_1).

For terms of Type (A), we see that:
I = Th1 (9% (gon_wn_z.m Fn(tan)>k90nFn (Fn—l(ey;)tan—1Fn—1(€z;)))
= Tn+1 gan 10n—2..01 (tan)>an (Fn—l<ey;)>gonFn (tan—l)gUnFn (Fn—l(ez;.))>

= Tn+1 < Gon—r0n—.01 F (t(ln))an (Fn—l(ey})) GonJon_190n Fn (Fn—l(ez‘;))>

== Tn+1 gon 10n—2..01 (tan)>an (Fn—l(ey;)> gO'n—lgangUn—l Fn (Fn—l(ez;))>7

r
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which is clearly, the sum of values of 7,1 on Markov elements.
For terms of Type (B), we see that:

Iy == 741 9o, (ganqonfzumF(tan))kgan F, (Fn—1<€yj)t0n1Fn—1(62]‘)t0n10n2~0s)]

= Tp+1 -gon <90n710n72~01F(tan)>k90n F, (Fn—1<eyj)t0n1Fn—1(62j)t0n1t0n2..05)1

= Tn+1 -gonFnFn—l (60%2..03) (gonfmnfz..mF(tan))kganFn (Fn—l(eyj>tan1Fn—1(62j)t0n1)1 .
Now, We_set mE = FuFno. F

k
We call § the image of F,_1(e,, ,..) under the action of (ggnflgn%,olF(tan)) , thus:

n

Iy = T [gon (gan—lgn—2-~alF(tan)>kga'n Ey (5) (:ilF(eyj))gUnfl (an(ezj))go'nl‘|

= Tn+1 [gon (Fn(tanfwnfz--man))kganFn (5) (:71F(€yj))gan71 (:1F(€zj))gan1] .

Now consider (ty, o, 5 .01a,)". We apply Lemma 4.9 to this element in 7'L,(q), hence,
it is the sum of two kind of elements: (1) Markov elements (2) elements of the form
to, 1(€on_son_s.01an_1) to, 10, where j < k, and § in Fn_l(ﬁn_l(q)). In the case (1) we
are done. If we are in case (2), then we apply the Lemma 4.9 on (ey, o, 5.01a,_1) - We
keep going in the same manner, by applying Lemma 4.9 repeatedly (in fact n — 2 times),
we arrive to:

ton ston stor ( Foo1Fno2Fo(*Go10) oy to, st A

n—1 .
=to,_1ton_o-toy (2 F(2901a2)J)t02"tgn—Qto'n—l)\7

where A is in "_, F(TL,_1(q)). Leaving aside Markov elements, we get:

Iy = Tps [ggnFn (t%lta“ o (Z1F(2ggla2)j)t@..t0n2t0n1)\> G P ()

n

(:71F(eyj ))ganq (nle(ezj ))ganq}

n—1

= Tt [ganganlgong--gag (; FC0102)) 9oz 2900 190 Fa(A)

n

(e )an (e o |
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Weset M’ := F, (Aé) ( IF(Gyj))gon_1 (n

n
n— n—1

F(e, )), which is a Markov element in T'L,,_ (q).

Hence, we have:

n—1

, F (zgalaQ)j)gaz--gaMgan1gonM’gan11

Tn+1 [ggnganlgan2 "gO'Q (

n—1

s FC90102))9oa--Go 2900190, M ’] :

= Tn+1 [ganlganganl go’n72"902(
—_—

We apply the TL relations. The cases corresponding to 1 and g,,_, are obvious.

For the terms corresponding to ¢,, ,9,,, we have:

Tn+1|Y90,-190, 9on_2--Goo (

n—1

s FC9010:)) oz s Gou 100, M

= Tn+1 ganqganﬂ--g@(

n—1

s FC9010:))osGou s oo 190, M|
N—— ]

We are done, since it is a sum of values of 7,41 on Markov elements, (the same for the
term corresponding to g, )

For the terms corresponding to ¢,, 9o, ,, we have:

n—1

T+l [gangan_lgan_z--g@( F(9o10:)") Gos-- G290 1900 M ’] ,

2
which is the case of term (A), since M’ is a Markov element in T'L,_1(q).

For terms of Type (C), we see that:

[3 = Tn+1 [gan (go'nflo"rLono'l FTL(tan))ngnFn (Fn1(e$i)<t0nlon2~~glan)i)]

)L (O A Y (AR T

Call ~ the image of F,,_;(e,,) under the action of (ty, 0, _5.01a,)" Thus:

I3 =Th [ganFn((tan_lan_z..man)k)gonFn((ton_1an_2..o1an)i7)] .

As we have seen in the case (B), (ts, 0. ».01a,)" can be written as a sum of elements of
the form (up to Markov elements in T'L,(q) ):

n—1 .
t0n71t0n72 "tUz (2 F(29010«2>J)t02 "ta'n72to'n71 /\7
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where j < k, and A is in 2_1F<ﬁn_1(q)>.

i

Call 7 the image of A under the action of (t5, 5. 5. o1a,)"

The determination of I3 can be reduced to computing the following value:

n—1

Tn+1 [ggnggnlgonQ"gUQ( F(2ga1a2)j)902-'ganfzganqgan F, ((tonmnznman)in'?/)] .

2

We repeat the same algorithm to (t,, o, ,.0.a,)'- Hence, we get some [ < i, and some
Ain? | F (TLn_l(q)), such that we are reduced to compute:

n—1

Tn+1 [gongan1 9op_2--Goo (2

F(90102) ) Gors-- G s Goru 10 G s G 2-Gr
—_——

(;HF (29a1a2)’)902--gan_zgan_lA] .

We see, after using the T-L relations, that the terms corresponding to 1 and g¢,, , are
values of 7,,,1 on Markov elements.

The term corresponding to ¢, ,9,, is:

n—1

F(9o102) ) Gos-- G 201902 G 2--o

Tn“l‘l [ganganngHQ "902 <2

(7 FCotnen) ) rs-on s A]

n—1

= Top1 lganlganz--g@( F(90105) ) s+ G219 --Gors

2

n—1
(, FC0i02)")dos--Gou 2 oo 190 A] :
—_————

The term in square brackets is clearly a Markov element (the same thing with the term
corresponding to g, ) -
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The term corresponding to ¢,,gs, _, is:

n—1 .
Totl [gangan_lgan_?-g@ (, FC0102))Gos-Gon 2900000 1900 2-Go:
(3_1F(2901a2 )l>goz ~Yo,_290n_1 A]

n—1 .
= Tnt1 [gangan_lgan Yon—2+-Jos (2 F (2901@)])9@--gan_ann_lgan_z--g@
~—————

(3'F (2901a2)l)902~gon290nAl .

It is a Markov element, Theorem 4.6 follows.

5. AFFINE MARKOV TRACE: EXISTENCE AND UNIQUENESS

5.1. Existence. Now, consider the following commutative diagram, where (7,,11)o<, is the

Markov trace from Theorem 2.1 and the vertical arrows FE,, : T'L,,1(q) — T'L,(q) have
been defined in Proposition 3.2:

TTQ(Q) > Tf&(Q) > — ﬁn(Q) - Tzn-&-l(Q)
TLO %) TL1 o —>TL,_ 1 %) TL

Proposition 5.1. Set p,41 to be the trace over TLy,.1(q) induced by 7,yq over TLy(q) for
0 <n. We have:

o pui1(Eo(R)TEY) = pu(h), for all h € TL,(q), where 1 < n.

e p; is invariant under the action of ¢; for all i.

Proof. We have: pn+1(Fn(h)T(i1> equals 7,11 (En(Fn(h))En<Toil)>
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Hence, pyi1(Fu(W)TE) = i (xn (Enl(h)>T£1) = 7o (En-1(h)) = pu(h).

We made use of the fact that the following diagram commutes, together with the fact
that (7,,)1<n is a Markov trace:

— E, —

For the second statement, we show that p, (h) = pn<[h]>, where [h] is the image of h
under ¢, L. So we start from p, (h) =T, (En,l(h)) But since 7, is the n-th Markov trace,

we have 7, (En_l(h)) = —%Tnﬂ (a:n(En_l(h))), which is equal to —%Tnﬂ <En (Fn(h))>,
since the diagram T commutes, this term is equal to —%pnﬂ (Fn(h)), hence to:

Vi

- mﬂml(gan..o—lan+1Fn(h)gc:nl..alanﬂ) = _ﬂan(Fn([hD)-

14+g¢

Now we consider the same steps in the opposite direction, that is:

= P (F) = = 5t (Eu(R10D) ) = 1 ()

1+g¢ 1+4+¢
OJ

Corollary 5.2. With the above notations, in the sense of Definition 3.3: (p;)1<i is an affine

Markov trace over (Tﬂ(q))1<Z
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5.2. Uniqueness. Consider the following homomorphism:
F ﬁg(q) — ﬁ3(q)
g0'1 L gCTl
8az 7 Yos9asTmy

where, for possible lack of injectivity (see the comments precedlng Proposition 3.1), we use
slanted letters g, fin TLQ( ) while we use the usual style g, f in T’ L3( ).

We set F':= F; in order to simplify in what follows. F' can be expressed by the following
form considering the "t" generators, we see that F(fag) = F( Bap *

q+1
quanagg@ + ?, hence to:

1 1 L X
W[(@H)faz —1)((@+ 1) fus — 1)(6((q+1)f02 ~1)+ ; Q)] t—

Thus, we see that:

F:TLy(q) — TLs(q)
fl — f0'1

g+1
faz — - TfCLB,UQ - (q + 1)f02t13 + fUz + fas'

Notice that F(f,,)f,,F(f,,) = 0F(f,,), and f,,F(f,,)f,, = 0f,,. Since we are inter-
ested with viewing F(TL (q )) in T'L3(q), we will investigate in what follows, the elements

(F (falf@)) and ( (fo,fs, ) for k a positive integer.

), which is equal to

q+1

Set 1 := F(folf@) = f01F<fa2) = _7f01a30'2 - (q + 1)f0102a3 + f0'10'2 + f01a3~

And for 1 <7, we set:

= (=) () B+ () 051 B

t (_ 1)1.71 (q—;l)zl ;;63302fgla3 + <_ 1)i71 (q + 1)1'71 alagagfdmz

Notice that x% = 30x71 + x9. It is easy to show that:

T1X; = (SQZEZ'_l + 251‘1 + Titl, for 2 S i,

i=k—1
thus, for 1 < k, we have ¥ = > ~x; + x4, here ~; is a polynomial in §, for all 7.
i=1

Notice that z12; = z;x; for j = 1,2. For j = 1 it is clear, while for j = 2 we have
x9 = 22 — 3dz;. Now suppose that 3 < j. We have Tj = T1Tj-1 — 62$]~_2 — 2021, hence
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we see by induction on j, that zyz; = z;x;, for all j .

We define the Q-linear map y : ng,(q) — ﬁg(q) which sends 1 to 1, and for any
u = $189..5, reduced expression of any element u in W¢(Ay), it sends f, to fs,s,_, s, With
q sent to %.

Set z1 := F(f,,f,,). Then

+1
k1= F(faz)fm = _L

And for 1 < i, we set

e O |

() O i + (1) (04 ) S

Notice that x(z;) = z; for all i. Now x(x12;) = x(x;x1) = z12;. We see that x(§) = 6.
Moreover, z12; = x(z12;) = X(6°xi—1 + 202; + Tiy1) = 6*2;-1 + 202 + z;+1. And in the same
i=k—1
way, by acting by x, we find that z¥ = 3> 4,z + 2z, where ; is as above.

i=1

fa30201 - ((] + 1)f02a301 + f0201 + fasal'

+

Consider z; f,, for 1 <1, we see that it is equal to:

i + 1\ ;
( N 1) (qq) o1a302 + ( - 1) (q + 1) 0'10'2a3f

) O bt (=) ) b

which is: ~ (— 1)’ (‘“;1) © o +5(=1) (g +1) Firdus Frron
+ ( o 1)z(q_‘_ql>z_1 éla302 + ( - 1>i_1<q + 1)i_1 0102a3f0102
Hence, 71fo, = [(-) V0 [0+ 10 ) b Tor 155
0+

f01a302 - (q + 1)f01<72a3f02 + f0’102 + f01a3f<727

In particular 1 f,, = —

thus,

—1
Tifoy = 7fa1a302 + mfalo'z'
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Now we apply x to z;f,,. Hence
1,0+ 1
Fouzi = [(=1'alq + 1] foppyn + [(—1H(E2

q )i_2:| fO'QUlfag,O'QO'l for ]‘ S Z

IH partlcular fO-QZl - _Qf02a30'1 + ﬁfoﬁal'

We consider Propositions 4.1 and 4.4, take ¢ to be any s-invariant trace over ﬁg(Q),

determined by Ag, A; and («;)1<;. Let s be any s-invariant trace over ﬁg(Q), determined
by By, By, By and (f3;)1<;. We show in what follows that:

there are a unique t and a unique s, such that t is the second component and s is the
third component of a Markov trace.
In order to simplify, we set 7, :=t and 73 := s.

At first, being a first component of a Markov trace, forces 75 to have the value 1 on T,

and T,,, but f,, = ey 1y Hence, A; = \f . Moreover, 75(1) = =347 (1).

1+qg 1+q Va
Thus AO 1\-}—;.

\f(1+q)

Now, we have:

. l+gq, l+q va
d B e o = — fo_ = — = ]_
o ! Tg(fl) \/(_] 2( 1) \/5 14¢
Remark 5.3. 75 must verify 75 (F(h)TUQ) =Ty (h), for every h in TLsy(q).

But, #(F(W)T,,) = \/a#s(F(h)gs,) = /a5 (F(h) [(g+1)fo, = 1}).
So. (P [fa+ 1)1, =1]) = vala+ (P00 1) = Vi (Fn)

Va(g+1)%(F(h) f,,) 45 (n).

Hence, our condition becomes
Va4 1)a(P0) ) = =i ra(h) + 7a(h) = =i 0).

Thus, we must have

73 (F(h)fg2) = — (q\j—al)@ (h), as an "f" equivalent to 73 (F(h)Tg2) =Ty (h)
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Now, we have:

= 7A_3(f0102) == \/_ T (fal) = (ﬂy

A
14gq° 1+gq

So, under the assumption that our two traces are the second and the third components
of a given Markov trace, we get the following:

q
A:_LA:_M.

1 1+q7 0 Va

_ \/a 2 _ _ l—i-q2
BQ— <]_7—|—q) ,Bl—land BO— (W) .

In particular, we have for all 1 < 4:

7o 2 = Vi, i - (o _ Va . i
T3(x1f02) - _((] + 1)72((f01a2) )7 and T3<Z1f02> - _<C] + 1)72((fa201) )

In other terms, for all ¢ we have:

~ 7 i q ~ i q
T3($1f02> = - \/_ o7 and T3(f02zl) = - \/_

(¢+1) g+

Since 73 is determined by f3;, we can view these equalities as system of equations in [;
and «;. In what follows, we show that this system has at most one solution: (o, f;)1<;-

For : = 1, we see that we have two equations:

.1 1 V4 . q Va4
T3(— Joraz00 T ——= Jo100) = — Qq, and T3\—Qfosazor + ——=Jooo1) = — g,
3(qf132 q+1f12) (C]‘|‘1) 1 3( Qf251 q+1f21) (q+1) 1
: 1 Vi Vi

that is —f; + ——By = — « and — —|—7B = — aq,

51 g+ 1 2 (q+1) 1, a5 I+ 1 2 (q+1) 1

-1 2

that is —f; + d = — Va o, and  —qf d = — Vi .

G+1°  (g+1) MCES A ey

Clearly, those two linear equations are independent, hence, they determine a unique
solution (aq, f1). Let us see the equations when ¢ = 2, we have:

7o (22 = — V4 Q n T 22) = — Vi «
73(21f0) = G+ 1) 2, and 3(f227) = (q+ 1) 2-

We see that:

(g+1)
x%fffz - 3(51‘1f02 + I2f02 = 5f01a302 + 3 5f01‘72 o q2 0'1(130'2 f0102a3f0102

-3 3 (q +1)
(1 I q) f01a302 mfmaz - qz f021a302 - f0102a301027
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-3 3 1
hence, %3(%%]002) = Wﬁl + WBQ (q + )62 — 561
3 3+¢q (q + 1)

- B .

(R ER S P

NOW, fngz% = X(x%ftm)

R 3 _ (@+1)\ _
X<(1+q>2>f02a30'1 +X<(1+ ) >f020'1 < q2 > 020301 f020'1a3020'1,

—3¢* 3¢°
S0 f022f - (1 + ) f02a301 Wfffzﬂl - (Q+ 1) o2a301 f0201a30201'

_3q2 3q3
N ly the t (o2l ) = By — 1By — 6
ow, we apply the trace Tg(f 221) i+ q)Qﬁl + TETE 2 —q(qg+1)p; I
3¢° 3¢° +4
= —qlqg+1
Gt  Ure? ;50 —alg+1)ps.
In other terms, we have the two equations:
(¢+1) 3+4¢ 3¢ Vi
_ — + — — o ,
e A e A (RS e
3¢° +4 3¢* Vi
—q(qg+ 1)y — ——— = — o,
q(q )52 (1+q)2ﬁ1 1+ q) G+ 1) 2

which indeed determine a unique (ag, f2) as a solution.

Now, we have:

i=k—1
i=1

i=k—1

hence, ¥ f,, = Z ViZifoy + Tk foos
i=1
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thus

i=k—1 M i—1 + 1 i—1 ) i—1 . .
xlffaz = Z Vi ( - 1) (Cj(f)] ;1a302 + Vi [( - 1) (q + 1)1_2] ;1_;2(13.]00102
i=1 L

+

k—1 _ _
Tk ftlfclasoz + [( - 1) (q + 1)k 21 f51012a3f0'10'2'

Now we apply 73, we get:

"L - i:kil% ( - 1)“(Q+1)H} Bi+ 0 l( -1)" (g + 1)”] Bi1

(¢+1) i—1 L q

+6 ( - 1)k_1(q + 1)’“—2] Be_1 + [( - 1)'“_1((121)]6_1] Be.

It is clear that the coefficient of (3 is not zero, since (3, does not appear in:

A > i l( - 1)“(612})“] Bi + 6 l( ~1) g+ 1)1"2] Bia

k—1
+5l( —1) (¢+ 1)“] Br1.
Now, we repeat the same steps with z;, namely:

i=k—1

=1

i=k—1

hence, f,o2F = Z Vifordi + fo,di.
i=1

frdh = Vi-(—l)iQ<q+1>i‘1] émm+%l(—1)i_1<q;1>i‘2]fm e

+ -< — 1)kQ<q + 1)k_1‘| c]f€2a301 + [( - 1>k_1(q_;1)k_2‘| fU2Ul 53;1201'
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Now we apply 73, we get:

i=k—1 i i 1 i1 +1 Ly
_ (q\fl)ak— ; %_(—1) g(g+1) ]5#%5[(—1) (qq) [Bi-1

+6 ( - l)k_l(q—;_l)k_ﬂ Br-1+ l( - l)kq(q + 1)’“_1] B

The coefficient of [ is not zero, since 55 does not appear in

i=k—1 r

B = Z Vi
i=1

i-1,q+ 1

( - 1)iq(q + 1)1'—1] B + WS[( - 1) ( )H] Bi s

] (-

In other terms, we have the two following equations, in S and ay:

r B k-1
e [

_ Ve akZB—i--(_l)kQ(CI‘i‘l)k_l}ﬁk'

Those are two independent linear equations in [, and a4, with non-zero coefficients, by
induction over k (that is: assuming that (o, §;) is unique for ¢ < k then (o, fx) is unique)
we get the following corollary.

Corollary 5.4. Suppose that (7;)1<; is a Markov trace over the tower of A-type T-L alge-
bras, then 7; = p; fori=1,2,3.

Finally, we sum up the proof of the main theorem: we know, by Corollary 5.2, that there
exists, at least, one affine Markov trace. Now, Corollary 5.4 says that in any given affine
Markov trace, the three first components are py, po and ps (of Corollary 5.2), while Theo-
rem 4.6 affirms that a third component in a given Markov trace determines a unique fourth
component, and so on for any 7; with ¢ > 3. Hence, we get our main theorem:

Theorem 5.5. There exists a unique affine Markov trace over the tower of A-type Temperley-
Lieb algebras, namely (p;)1<;.
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