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Abstract

n this thesis we define a tower of affine Temperley-Lieb algebras of Type A on which
we define a Markov trace and we show that there a unique such trace.

In order to do so, we work on four levels of type A : affine braid groups, affine Coxeter
groups, affine Hecke algebras and affine Temperley-Lieb algebras.

On the braid level, we show that fl—type affine braid group with n + 1 generators B(An)
surjects onto A-type affine braid group with n generators B(A,), we prove that this

surjection comes from a quotient on a certain subgroup of B(A,,) and we define a closure
of an element of this group which is to be called an affine link.

On the Coxeter level, we study the A-type affine Coxeter group with n + 1 ge-
nerators W(A,), we give a full set of representatives of W(A, ,)/W(A,) and

W(A,_1)/W(A,)/W(A,_1). Then we classify fully commutative elements in W (A,) and

we give a normal form for such elements.

On the Hecke level, we define a tower of A-type affine Hecke algebras, we show that this
tower is a tower of inclusions, and we show that this tower “surjects onto” the tower of
A-type Hecke algebras.

On the Temperley-Lieb level, we define a tower of A-type affine Temperley-Lieb algebras
namely (TLy,+1(q))o>n, we define a Markov trace as a collection of traces (7,,41(q))o>n in
its most general form (compatible with affine links). We get the existence of such trace
by showing that the mentioned tower “surjects onto” the tower of A-type Temperley-Lieb
algebras, and finally we show that this trace is unique by making use of the normal form

of the fully commutative elements in W (A,).
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CHAPTER

1
I Introduction

In these days the angel of topology and the devil of abstract algebra fight for the soul
of each individual mathematical domain, said H. Weyl, about 60 year ago. Neverthe-
less, some times the angel of topology itself was seduced by the devil of algebra! The
well-known work of Jones is a remarkable example of such a case. The problem was to
find an invariant for links in R3, Alexander built a bridge between braids and links by
showing every link is a closure of some braid, then Markov conjectured certain conditions
for two braids, so that they give the same link. Alexander defined the polynomials A,
named after him, to be an invariant of links. We had to wait about fifty years, so that,
the young Jones defines his polynomials, which were very easy to be computed, compared
with Alexander polynomials. Moreover, Jones’ solution contained Alexander’s, since, in
Jones” work, Alexander polynomials can be viewed as a special case. Although Jones
polynomials do not distinguished all the oriented links, it is still the most powerful in-
variant, until nowadays. Such topological problem finds an answer using pure algebraical
tools, precisely group theory, the angel could not help being seduced, the devil is as guilty
as charged!

The Markov-Ocneanu-Jones trace is a collection of traces (7,41)o<n, defined on the
tower of Hecke algebras:

Ho(q) C Hi(q) ... C Hya(q) C Hu(q)

Under the conditions of Markov we have many traces, they can be parametrized by
some z in the ground ring. Nevertheless, Jones had started to construct such trace, on a
tower of quotients of Hecke algebras: the tower of Temperley-Lieb algebras:

TLo(q) CTLi(q) ... CTL,1(q) CTL,(q)

For a certain choice of z, this trace is factorized through the T-L tower, it is unique.
Its values on the elements of T-L algebras (which are surjective images of the braid group
algebra) are the well-known Jones polynomials.
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CHAPTER 1. INTRODUCTION

My recent work, in my thesis, is an attempt to answer Digne’s question: what does
happen in the affine case? I could find an answer up to the affine T-L level. I get to
make it clear that my work was not about defining an invariant for affine knots (even
the results gives such invariant). It is really about defining an affine Markov trace and
studying this trace, i did not treat Markov trace as a tool, towards knot theory. It is
to be viewed as an independent "algebraic being'. The answer is: there exist a unique
affine Markov trace on the tower of affine T-L algebras, coming from the unique Markov
trace on the tower of T-L algebras (After showing that 7Ly (q) surjects onto TL,(q)).
Moreover, the restriction of this affine trace to (T'L,(q))o>n, viewed as sub-algebras of
(T Lyp41(q))osn is the Markov-Ocneanu-Jones trace. Since the answer is so, The problem
of classifying all the affine Markov traces on ﬁnﬂ(q)ozn is naturally the second step, I
am particularly concerned in such this problem, although, my tries leads to have a guess
that we do have more than "z" traces, unlike the finite dimension case.

Here arise a question, after considering the paper of Green about the type E, [Gre09b]
where we see a unique Markov trace, it seems that the uniqueness of the Markov trace
has a friendly relation with the equality of the parameters! in other terms: we almost
have a unique trace whenever the T-L algebra is associated to a Coxeter group with con-
jugate generators, no matter finite or affine, " almost", because the type D,, has maybe a
singularity, which is one of the point i am attending to focus on in the near future, the
Hecke level was treated in [GLI7] by Geck and Lambropoulou.

Since we focus on the tower

TLi(g) = TLa(q) = TLs(q) — .. TLu(q) = TLnsa(g) — -

we see that there will be a strong presence of the fully commutative elements in the

related affine Coxeter group W (A,). In our way we will give a normal form of those
elements.

The skeleton of the proof is pretty long. We start by presenting a fully commutative
element w in its normal form, which we found in 3.4.4. Then we left this element to w
in B(A,) which has the same reduced expression. Then we obtain a kind of canonical
form of this w in corollary 3.5.2. Then we send w to its image via the surjection from
K(B(/fn)] onto T'L,11(q). Now we consider the fact that g,, .. in TL,11(q) acts
on F,(TLy,(q)) as a Dynkin automorphism, together with the fact that T L, (¢) surjects
onto T'L,(q) we prove the existence of an affine Markov trace, then we prove the unique-

ness of this trace.

010n+41

This work is divided into five chapters;
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CHAPTER 1. INTRODUCTION

In chapter 2 we give some brief definitions of the A-type affine braid group and we
view it as a subgroup of the B-type braid group. We propose a "parabolic-like" presen-

tation of W(A,). Then in theorem 2.4.7 we show our first result: viewing B(A,) (the
A-type braid group) as a quotient of B (/fn) Then we detect the kernel of this surjection
using Schreier’s theorem. Then we show that the surjection above and other arrows are
compatible with towers of braid groups. Finally, we give a definition of affine knots, their
closures, and we prove that the normal Markov conditions are necessary and sufficient to

get the same affine closure of any two affine braids.

In chapter 3 we see first, why the new presentation is "parabolic-like", we see as well

that the well-know semi direct presentation of W (A,,) is compatible with the semi direct

product of B(A,) which we have seen in chapter 1. Our first result is given in proposition
3.3.5 and corollary 3.3.7 about the left and double classes of W(A,_1) in W(A,). The
main result of this chapter is theorem 3.4.4, where we can found a normal form of the

elements of W¢(A,,).

In chapter 4 we give some definitions and known results, then we define Markov
trace. Our main result here is proposition 4.3.3, where we see that the tower of affine
Hecke algebras is a tower of inclusions. Then we give the "Hecke" version of theorem 2.4.7.

In chapter 5 we give a summary about Markov trace, and some base changes by ex-
plaining the simplifications of J. Michel. Then we give the "TL" version of theorem 2.4.7.
Then we consider the tower of affine T-L algebras. Then we show for the compatibility
between the towers of algebras and the surjection we have found from the affine level to
the finite-dimensional level.

In chapter 6 we introduce the concept of Markov elements, then we proof a general
result, theorem 6.1.1, about a set of elements which are sufficient to define any trace
uniquely. In proposition 6.1.10 we classify all traces 0@2 (¢) which have the same value
on the two generators, we do almost the same with 7'L3(q) in proposition 6.1.12. Then
we give the definition of an affine Markov trace, we show in proposition 6.2.4 and corol-
lary 6.2.5 that there exist an affine Markov trace coming from the surjection of ﬁnﬂ(q)
onto T'L,(q). Then we prove the uniqueness passing by corollary 6.2.7, and finally we
announce the general result in theorem 6.2.8.

We point out that the star (*) in any: section, subsection, theorem or proposition;

means that there is a related explication in the section called "Bibliographical remarks
and problems" at the end of every chapter.
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Close your eyes, peace be with you my love,

CHAPTER may my braids be upon you. (M.D)

2
I Artin-Tits braid groups

In some universe of groups (so-called Category of groups), Braid groups and Artin-
Tits groups have the same "DNA" but they are not the same soul, in other words they
are isomorphic but not in a unique way. Since we have many choices of isomorphisms
between them, these two groups are not the same Object in this category. In what follows
we describe briefly the definitions making our choices once and for all. We are interested
in the pure algebraic presentation (generators and relations) which is the "Artin" way
together with the geometric presentation (strings and familiar "braids") which is more
likely the braids way.

2.1 Artin groups and Braid groups *
Let S be a finite set.
Definition 2.1.1. A Cozxeter matriz over S is a square matriz M = (mg)ses such that
e my =1,

® Mgy = My, for any s,t in S,

e mg belongs to {2,3,4...00}.

We present a Coxeter matrix by its Dynkin graph I' = T'(M), which is a graph given
by vertices and edges. I has S as a set of vertices, and for any non-equal two vertices s, ¢
in .S we have

e s,t are joined by an edge if m,, = 3,
e s,t are joined by a doubled edge if my; = 4,

e s,t are joined by an edge labeled by mg; if my, > 4.

15



CHAPTER 2. ARTIN-TITS BRAID GROUPS

ms,t

Figure 2.1: Edges

Definition 2.1.2. Let Bg be the set {os; s € S}.We call the pair (B, S) an Artin system
of type I', where B = Br is the group given by generators and relations as follows: S is the
set of generators with relations prod(cs, o : mg) = prod(oios : mg), for any non-equal
s,t in S with ms, # oo.

We call B the Artin group of type I'.

In our work we treat many kinds of Artin groups in which m,,; < 4. The type of
relations appears in the definition is called "braid relations".

Let I be a Dynkin graph. Let (B,.S) be the related Artin system. Take V' to be the
real vector space with R-basis {e,; s € S} which plays the role of the set of simple roots.
The root system gives rise to simple reflections hence to a reflection group generated
by those simple reflections, say Ws. By the natural linear representation of Wg we can
realize it as a subgroup in GL(V') (the group of endomorphisms of V'). Let R be the set
of reflections of Wy (the set of conjugates of simple reflections). Take r in R, since it is a
reflection it fixes a hyper-plane in V', say H,. In fact Wy acts freely on the complement
of U,egH, in V. By extending the action of Wg up to Vg = C ®gr V we see that Wy acts
freely on the complement of U,cgC ®r H, in V. We call this complement Mp. We set
Nr = My /Ws.

Remark 2.1.3. Before stating the theorem, we have to notice that the above argument
is valid in the case of finite Wg. For when the group Wy is infinite we have to replace V
by U C V (the so-called Tits cone), and to replace as well Ve by (U +iV) C V. My is
to be (U +1V) —U,erC®r H,. The action of Wg on My is free, and as above Ny is My
modulo the action of W.

Definition 2.1.4. The braid group of T'-type is m(Nr), the fundamental group of the
space Nr.

Theorem 2.1.5. (Brieskorn-Van der Lek). m(Nr) ~ B.
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

Briefly: the I'-type Artin group is given by a presentation, while the I'-type braid
group is a fundamental group. Although the Brieskorn-Van der Lek isomorphism is not
canonical, we will not make the distinction in this work. We will call each of these groups
a ['-type braid group.

2.2 A-type braid groups *

An A-type braid group with n generators is historically the first braid group. We
give its presentation by generators and relations, then a geometrical one (by means of
braids with n 4+ 1 strands). Many interesting basic facts show the reasons for which it
has such respectable position in the group theory, in addition to many other branches
of mathematics for example it has a faithful representation in Aut(F, 1), the group of
automorphisms of the free group with n generators. The strong relations with link theory
(here comes the well known Alexander theorem). In addition of its Garsiditude, in fact,
it is the first group to be called a Garside group.

2.2.1 Presentations
Let n > 1 be an integer.

Definition 2.2.1. The A-type braid group B(A,,) with n generators is the group presented
by a generator set S = {o1,09,..,0,} and the relations

e 0,0, =0j0; where 1 <i,j <n and|i—j| > 2,

® 0,0,110; = 0;410;0;+1 where 1 S 1 S n—1.

Thus the related Dynkin diagram is

g1 ) On—1 On
Figure 2.2: T'4

Let P,, .., P,;; be distinct points in the plane R?. We define a rough braid on n + 1
strands to be an n-tuple 5 = (b1, .., b,11), where by, is a path by : [0,1] — R such that

e For any k in {1,..,n + 1} we have b,(0) = P,

e For any k in {1,..,n + 1} there exists a permutation z = 6(f) € Sym,, 11 such
that bk(l) = P$(k),
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

e For any non-equal k and l in {1,..,n + 1}, for all ¢ € [0, 1] we have by (t) # b;(t).
By definition: two rough braids a and (8 are homotopic if there exists a continuous

family of rough braids {%}86[0 1 such that vy = a and 7y, = . This is an equivalence
relation.

Definition 2.2.2. A braid on n+1 is a homotopy classes of rough braids on n+1 strands.

The well known geometric interpretation of the elements of B(A,,) viewed as braids
in the space is the following

1 2 1 1+1 n+1 1 2 1 1+1 n+1

Figure 2.3: o; & o; !

1 2 n+1
Figure 2.4: 1d
We compose two braids in the way that one would expect, that is for any two braids
X,Y the composed braid XY is the braid obtained by putting X at the top and Y at

the bottom, welding the bottom end points of X with the upper ones of Y (the i-th with
the i-th, 1 <i <n+ 1) as follows:
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

l i 1 2 n+1
2

n+1

Figure 2.5: XY = XY

The natural embedding

Tp—1: B(Anfl) — B(An)
oo forl1 <i<n-—1,

can be realized geometrically by adding the (n + 1)-th stand

[ ] | [ ] L]

|| | || ||

1 2 n 1 2 n n+l

Figure 2.6: x,,_4
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

2.2.2 A faithful representation

We can realize B(A,,) as a subgroup of the group of automorphisms of the free group
with n+ 1 generators via the "Artin representation", which will be briefly defined in what
follows: Let F,, 41 be the free group with n + 1 generators xq, .., Z,41. Let Aut(F,1) be
the group of automorphisms of F,, ;1. For 1 < k < n, we define t; in Aut(F,1) as follows
for (i £ k,k+1):

iy : Fn — Fn
Ti > Ty,
—1

T 7 Ly T4+1Lk,

Thy1 > Tk

It is easy to show that the map p : B(A,) — Aut(F, 1), which sends oy, to t, defines
a representation of B(A,) in Aut(F, ;) called the Artin representation.

Theorem 2.2.3. (Artin) The representation p is faithful.

2.3 B-type braid groups *

The B-type braid group with n+1 generators B(B,,1) plays a role in the theory of low
dimension topological spaces, in addition to the fact that it is very useful in investigating
the structure of the affine braid group which is the center of interest of this work in
general.

2.3.1 Presentations

Definition 2.3.1. The B-type braid group with n + 1 generators B(By,y1) is the group
presented by a generators set {01, 09..0,,t} and the relations

e 0,0; =00; where 1 <1, j <mn when |i —j| > 2,
® 0,0i410; = 04100441 when 1 <1 <n,
e g;t =to; when 2 <i<n,

® UltUlt = t01t0'1.

The related Dynkin diagram is
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

t 01 02 On—1 Onp

Figure 2.7: I'p

n+1

Set ¢pi1 = to1..0n. Set Gpi1 = Gpi10adpt,. We can see directly that ¢, 10:0,1, =
o1 forall 1 <i¢ <mn—1, with ¢n+1an¢;i1 = a,+1. What is more, we have the following
presentation:

Proposition 2.3.2. B(B,,11) is presented by the set of generators S = {01, 09..0,, @ni1, Pni1}
together with the relations

e 0,0, =0j0; where 1 <i,j <n when |i —j| > 2,

® 0,0,110; = 0;410;0;41 when 1 S 1 S n — 1,

® 0,Up11 = App10; when 2 <1< n—1,

® 010p4+101 = Ap4+101Q0p+1,

OnQn4+10n = An410n0p41,

—1 .
On410iGpiq = 0ip1 when 1 <@ <n—1,

—1
¢n+10_n¢n+1 = Qn+1;

P 1Gni1Ppyy = 01

Notice that the relations involving ¢,.; are not braid relations, i.e., (B(Byy1),5")
cannot be viewed as an Artin system.

Considering those relations we see directly that ¢, is acting by automorphisms
on the normal subgroup of B(B,.1) generated by {o1,09..0,,a,11}. More, this set
{01,09..00, a1} with the first five systems of relations form a presentation by gener-
ators and relations of this subgroup which will be the subject of the next section. The
element ¢, generates a free subgroup of rank 1, which we denote by ®,,;. In other
terms:

B(BTLJrl) - <O'1,O'2..O'n,(ln+1>B(Bn+1) X ®7’L+1'

The geometric presentation of B(B,1) as braids is given in a very similar way of
that of B(A,) but in n + 2 strands, where the first strand remains point-wise fixed. The
generators are presented as follows:
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

A A

1 2 1 1+1 n+1 1

n+1

Figure 2.8: o; & o

|

1 2 n n-+1

Figure 2.9: ¢

2.4 Affine braids: the group B(A,)

The A-type affine braid group in n + 1 generators is the braid group under question
in this work. Geometrically, one can see several presentations in the literature, among
which we choose one which is compatible with our viewpoint on this group (as a base
point for a better understanding of a special kind of links in the space). We show the
strong connection between this group and the two groups mentioned above. The arrows

in this section are well known, except for the surjection of B(A,) onto B(A,) which al-
lows us to see B(A,) as a semi-direct product of B(A,) with a "huge" group, an infinitely
generated free group (the semi-direct does not seem of a great use). In the other hand
this surjection (and others induced by it) plays an essential role in the solution of the
main question which this work is attempting to answer. While concerning B(fin) presen-
tations, we define a new presentation (not far from the old one) called the parabolic-like

presentation.
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

2.4.1 Presentations

Definition 2.4.1. The A-type braid group with n + 1 generators B(An) is the group

presented by a set of generators {o1,05..0,,an11, } together with the following defining
relations

e 0,0, =0j0; where 1 <i,j <n when |i —j| > 2,
® 0,0,110; = 04100411 when 1 S 1 S n — 1,

® 00,41 = Api10; when 2 <i<n—1,

® 010p4+101 = Gp41010n+41,

® 0nan4+10n = n410nQn41-

Remark 2.4.2. In the literature a,.1 in this definition is often called 0,1, but since we

are interested in viewing B(A,_1) as a subgroup of B(A,) for 2 < n, there would be a
confusion between a, and o, when they are seen as elements in B(A,). Thus we consider

the group B(A,,) generated by {01, 02..0,}, then we "affinize" it by adding an,1.

Remark 2.4.3. It is not a coincidence that the generators here have the same symbols
as the generators of B(Bp11) in the second presentation of B(Byy1). there is an obuvious

homomorphism B(A,) — B(Bny1), saying that this homomorphism is injective is equiv-
alent to saying that in B(B,4+1) the subgroup generated by the elements oy, 05..0,, Gni1
is presented by generators and relations in the following way: it has for generating set
{01,09..00, any1, } together with the relations

e 0,0; =0,0; where 1 <i,j <n when |i — j| > 2,
® 0,0;,10; = 0;4110;0;41 when 1 <1< n—1,
® 0,Upi1 = Apy10; when 2 <7< n—1,
® 010n+101 = An4+1010n+1;
® 0pQnt10n = Qn410nQnt1-
This is true, since ¢,11 acts on this very group by automorphisms, thus the relations

between its generators do not add any other relation than the braid respecting length rela-
tions already existing in the definition.
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CHAPTER 2. ARTIN-TITS BRAID GROUPS

Proposition 2.4.4. Let x be in B(B,.1). Suppose that x is expressed as a word in the
generators: oy,09..0,,t. Then

z € B(A,) <= the sum of the exponents of t in x is zero.

Proof. Suppose that x = ut" ugt®?us. .t t"  u,, 11, where b; is integer and u; is in B(A,,)
for all 7.

We have ¢, 1 = toy..0,_10, by definition . Set 27" = 0y..0,_10,, that gives t = ¢, 1 2.
We denote the action of ¢, on an element e in B(A,) by [e]", for any integer r. For
example ¢, 112 = [Z]l¢n+1.

1

Jj=b;

Now % = ¢ 412 412..¢n412 , which is equal to ¢ff+1 H [
j=0

b; times

Jj=b; N
Set Zy, = ] [z)’~", which is in B(A,). Thus:
=0

T = U™ Zy usd” Zy us. Uy Zy, 1. By pushing the "¢%'s to the right (acting
on the "u;"s as well as on the "Z,,"s) we get the following expression of z:

(Z)

=M\ =t ’ where A\ € A,. This is the unique decomposition of z in the semi-direct
product <01,02..0n,an+1>3(3n+1) X D

Now z is in B (An) if and only if Zin b* = 0. The proposition follows.
i=1

]

Inspired by the injection B(A,) < B(B,11), we explain the geometric presentation
we choose in this work. Actually, affine braids with n 4+ 1 generators could be viewed
for example as cylindrical braids within a cylinder labeled by n + 1 points on each of its
circles, the strings of the braids are not allowed to make perfect rounds. We choose to
view the affine braids as B-type braids: using the proposition above, the affine braids
are B-type braid in which the number of positive rounds equals the number of negative
rounds (around the fixed strand). The "o's are as presented above, while a, 1 and ¢,1
the following braids:

24 sur 148



CHAPTER 2. ARTIN-TITS BRAID GROUPS

1 T

9 non+1 n—1n ntl

JTN

(@nt1) (Yn41)

Figure 2.10:

Notice that ¢, is not an affine braid.

Proposition 2.4.5. The following group homomorphism is injective

F,: B(A,_1) — B(4,)
oi—o0;  for1<i<n-—1
Ay — ananﬂa;l
Proof. See 2.4.4 F, is a restriction of the injection y, to B(A,). O
We give now a new presentation of B (/In), in which the defining relations are positive,

and where F}, is obtained by simply adding one generator to those of B (A,:_l).

By definition B(/[n) has {01, 09..0,,a,41} as a set of generators together with the
following defining relations:

o,0; = 0jo; where 1 <4,j <n when [i — j| > 2,

0i0i110; = 0;110;0;+1 Wwhen 1 <7 <mn —1,

(1)
(27)
(3") oians1 = apr10; when 2 <i<n—1,
(4") 01Gp4101 = Api101an41,

(57)

Onlni10p = Qpi10p0ni1 for n > 2.
This presentation is to be called the formal presentation from now on. For the moment

n is to be greater than or equal to 3. B(%Ig) is generated by 01,09 and ag, we see that
an41 can be seen as follows:
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-1 -1
ap+1 = 0, ..03 A303..0p.

Our aim is to show that B(A,) can be generated by S’ = {0, 05..0,,, az} with defining
relations:

(1) o;0; = 0j0; where 1 <4, <n when |i — j| > 2,
(2) 0;0i110; = 0;110;0,41 when 1 <i<n—1,

(3) o1a301 = azoyas,

(4) osasos = azosas,

(5) o;a3 = azo; when 4 < i < n,

(6) 0309a303 = 02a303073.

First we show that the formal presentation gives the new one, now {oy,09..0,, a3}

generates B(A,) indeed, since

Qpyl = a;l..ag_lagag..an, which gives as = 03..anan+10;1..03_1.

We see that (3) follows directly from the fact that ag and a,,; are conjugate, while
(5) could be seen to be valid geometrically or by a direct computation:

for 4 <i <n, we have : ;a3 = Uiag..ananﬂagl..ag—l = 0'3..0'n0'i_1an+10';1..0'3_1

-1

— -1 _ -1 -1
= 03..0p,0pn410;-10,, ..03 = 03..0p,Qp4+10,, ..05 0;

= a30;.
Now we treat (4):

_ 2 -1 _—
030303 = 03..0n0p410,, ..0y
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Thus, asosas

03.

03.
03.
03.
03.

03.

03.

2 -1 -1
0304..0n0p410,, -.Oy

.0pn03..

.0p03..

.On03..

.Op 03.

-1 -1 -1 -1
OpQp410, ..04 0304..0p0pn410, ..03

-1
On—10nAn4+10n0,

-1 -1
Op—10p0, _1..03 Qp410

1

-1 -1 — -1
OpQp4103..0p,-10,0,,_1..03 Apn4+10,, ..03

1 _ -1 -1

1 _
On—-1Apn+10nGp410, _1..03 O, ..03

n

1 -1 -1

-1 —
On—10pan410,0,_1..05 0, ..05

n

-1 -1 _-—1
O3 0, .04

-1 -1
Oy

030303.

We see that (6) is equivalent to

0'203_1&303 = 03_1&3030'2

-1 -1 -1 -1
.Op0, .04 0304..0p,0n110,, ..0,

(6").

But 03 'asos = 04..0,a,410, .05 ", and (6) follows.

Now we show that the new presentation gives the formal one.

We are reduced to show that the new presentation gives (3’), (4’) and (5), i.e., the
formal relations which involve a, 1 have to be shown using the new relations with:

-1 -1
p4+1 = 0, ..03 A303..0p.

We start by dealing with (3’): let 3 <i < n — 1. We compute:
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-1 -1 -1 -1
0;Qpy1 = 040, ..03 A303..0p, =0, ..03 0;410303..0y
()

1 1

— -1 — -1
=0, ..03 0304+103..0p, = 0, ..03 A303..0,0;

= ap+10;.

Moreover, goa,11 = 02051..03’1@303..% = 0;1.. agoglagog Oy = a;l..aglagagag..an
N————

(6)
= Ap+102.

Hence, 0;a,41 = apy10; when 2 < i <n — 1. Thus, (3’) is proved.
Since a,+1 and ag are conjugate, (3) gives directly (4').

Now we want to show that o,a,110, = ani10,0n11 -

=T =y

_ -1 -1 2
r =0, 1..03 A303..0,,

-1 -1 -1 -1 -1 -1 -1 -1
Y=o, .03 G303..0p,-10,0, 1..03 A303..0p, = 0, ..03 A30, ..04 0304..0,0303..0y,

_ -1 -1_-1 -1 _ -1 -1 _-1 -1

=0, ..03 0, ..04 Q3030304..0,03..0, =0, ..03 0, ..04 03030304..0,03..0y,
(4)

_ -1 -1 _— -1 _ -1 -1 -1 -1

=0,_1..-05 0, ..03 030a30304..0,03..0p = 0, _1..03 Q30, ..04 0304..0,03..0p,

-1

o —1 -1 -1 _ -1 -1 2
=0,_1--03 0303..0,-10,0, 1..03 03..0p, = 0, 1..03 Q303..0p,_10,

-1

Finally, F,(a3) = F,(03..04_1a,0,%..05") = 03..00_1F,(a,)0,1..05". This is equal

to 03..0,0, 110, .05 ", thus to as.
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Now F,, would have the following form with the new presentation:

F,:B(A,_;) — B(A,)
o— o forl<i<n-1
as — as

Notice that we could have started with the group B(A;), which is a free group in two
letters o7 and a3, with a change in the sixth relation. On the other hand, it is obvious
that (B(Ap+1),S") is not an Artin System.

2.4.2 B(A,) as a quotient of B(A,)

Now we consider the element e in B(A,) given as

1 1

— -1 _ -1 -1 -1 _-1
O0p_1---09 01092...0p_10y = an+1010'2...0n_10n0

_ -1 -

Let N, be the normal subgroup of B(A,) generated by e. Consider the quotient
Q = B(A,)/Ne.

Lemma 2.4.6. In B(A,) (andin B(A,) as well), the element b := o, 0, },...05 '0109...00_10,
verifies the following relations:

1) oib="bo; for2 <i<n-—1,

2) op,bo, = boy,b,

3) o1boy = bob.

Proof. 1)
b= go—lo! -1 _ -1 -1 -1
0;0 =00, 0, 1...09 0102...0p_10y = 0, ...O'iO'Z-+1O'i ...01092...0p-10p,
—_———
-1 -1
0,710; Oit1
-1_-1 -1
=0, 0,.1..05 01...0i410;0;41 ..01 = bo;.
—_———
00410
3)

-1_-1 -1 -1 _-1 -1
0, Op_1---09 0102...0,-10,010,, 0, 1...09 0102...0p,-10p,

-1 _ -1 1 1 2 1 1

_ - — 2,1 -1 _
=0, 0, 1.--09 01090109 0102...0pn_10p = 010, 0, _1...03 0203...0n_10n—01b01.

020102
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In the same way we deal with (2), hence the proof is done.
O

We see directly that, when replacing b by a,,1 in this lemma, we get the defining

relations of B(A,) in which a,; is involved. Now the group @ is generated by the set
{01,09..04, ayy 1} with the defining relations :

e 0,0, =0j0; where 1 <i,j7 <n when |i — j| > 2,

® 0,0,110; = 0,110,041 When 1 <i<n—1,

® 0,G,41 = Qpi10; when 2 <¢<n—1,

® 010n4101 = Upy1010n41 aNd 0pGp 10y = Qpy10,0nq1. for n > 2,

1 1

_ -1 _— -1
® Qpy1 =0, 0y_1...09 0102...0,-10p,.

Theorem 2.4.7. The map f: Q — B(A,) defined by

oi—>0; for1 <i<n,

-1 _—1 —1
Apyl —> 0, 0, _1...09 0102...0p_10p,

s a group isomorphism.

Proof. By the lemma we see that f is a homomorphism, and it is surjective. Moreover,

the following map:
g: B(A,) — Q given by

oi— o; for 1 <1 <n,

1 1

is a group homomorphism, surjective indeed, for o, o, ...05 '0109...00,_10, is send

to itself, hence to a,1.

Obviously: fog = Idp,) and go f = Idg, so f is indeed an isomorphism with

ft=g.
O

With the notation as above:
B(A,) = B(A,) x N.

Clearly this surjection respects the inclusion F},, in other terms the following diagram
commutes:
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B(A,_) < > B(A,)

Bn—l ﬁn

vV
4

> B(A,)

Py

Tn

2.4.3 On the structure of B(A,): Schreier’s theorem

Lemma 2.4.8. Let G be a free group with S = {Fy, F, .., F,,} as a set of free generators,
let N be the subgroup:

N ={F.F Fo Y e, =0}

That is the normal group of words in which the number of positive letters is equal to
the number of negative letters.

(G+1)

Then, N is an infinitely generated free group over the letters FgP}FO_ where j s

an arbitrary integer .

Proof. By Schreier’s theorem we see that N is a free group. Now we apply Schreier’s
algorithm to show that F} FZ-FO_(JH) could be viewed as free generators, to do so we
consider the following surjection:

G — (Fp) given by:
F, — Fyforl<i<n,
where (Fp) is to be the subgroup of G generated by Fp, that is the free group with one

generator Fy. It is obvious that N is the kernel of this homomorphism (we could actually
choose any of the letters of G to generate a range in order to have N as a kernel), hence

G = (F,) x N.

So we can consider the set {Fg ;J € Zi¢ as a full set of representatives of right cosets of
N in G, thus it could be considered as a "Schreier’s system"'. Now we define the following
map:
¢ G — (Fy) given by:
¢(z) = FY when z € NF}.
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By Schreier’s theorem: gs¢(gs)™! are free generators of N, where g runs over the
"Schreier’s system" and s runs over the set of free generators of GG .

The element gs is of the form Fgﬂ, while ¢(gs)~! is of the form:
WFF) " = o(FFy) = o(F Fy B Ry O = U,
—_—

eEN

Thus gs@(gs)~! is of the form FIF,Fy Y% where 0 < i < n. The lemma follows.
[

Now the following diagram commutes:

B(A,) » B(A,)

B<Bn+1)

We can see that ker(f) = ker(a,) Ni(B(A4,)). But N, = ker(f), so we are reduced
to understanding the structure of ker(a,). Set G’ := ker(ay,).

Lemma 2.4.9. [DG01]With the above notations, G is a free subgroup of B(B,.1) gen-

erated by the free generators Fy, where 0 < i <n, F; = o,..01to;*..0; " and Fy = t.

An element z is in N, if and only if it is a word in G" and it is in B(A,), but since
any element of B(B,1) is in B(A,) if and only if the sum of exponents of ¢ is zero in an
(every) expression of it, so we can apply the last lemma, taking G’ for G. Then N, is to

be N, so our group N, is an infinitely generated free group.

2.4.4 B(A,:+1), B(B,) and B(A4,), arrows

In what follows we show the net of arrows between the three type of braid groups
mentioned above. We are interested in investigating which arrows among those do re-
spect the injections between groups of a given type in different number of generators.
Roughly speaking: the arrows should be thought of as arrows defined over the "towers
of groups', precisely the towers come from the injections between groups of the same types.

32 sur 148



CHAPTER 2. ARTIN-TITS BRAID GROUPS

Consider z,, the injection B(A,-1) < B(A,) mentioned in 1.2.1. Geometrically
B(B,,) embeds into B(B,1) by adding the n 4 1-th stand, that is:

1 2 n 1 2 n n+l
Figure 2.11: y,
Let y, be the injection B(B,) < B(B,11).

B(A,) injects in B(B,41) by sending o; to g; for 1 <7 < mn — 1, lets call this injection
zn. Take T to be the normal subgroup in B(B, 1) generated by t, that is the subgroup
generated by xtx~! for x € B(B,.;). Obviously B(B,.1)/T = B(A,). in other words
we have the following exact sequence 1 — T — B(B,4+1) — B(A,) — 1. Call a, the
surjection B(B,1) = B(A,).

Geometrically B(A,) injects into B(B,1) by adding the first (fixed) strand, while
B(B+1) surjects onto B(A,) by removing the very same strand

Figure 2.12: B(A,,) <> B(Bn+1)
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We get the following commutative diagrams:

Yn Yn

B(B,) s B(Boy1) B(B,) > B(Bot)
Zn—1 Zn Qp—1 (07%
B(An 1) > B(A,) B(A, 1) > B(A,)

(1) (2)

Diagram.1 commutes obviously, while for diagram.2 it is clear that

Tnn_1(0;) = apyn(o;) for 1 <i <n—1,

Ty 1(t) =1 = a,y,(t).

The embedding of B(A,_;) into B(A,) is not as obvious as the other two embed-
dings. Consider the injection y, : B(B,) < B(B,+1) (see [GLI7]), which sends a, to
t01..0p—20n_10, " ..07 't~ which is equal to

1 1

- —1p-1 _ -1 1 -1 _—1;-1
Oy 9.0, U =101..0,-20,-10p,0p-10,,_10, 0, _5..0; L
N———

-1 _—
t01..0,—20p-10p,0p-10,_10,,

1

-1 _—1_-1
=101..0p_20,0p_10,0,_10, 0,

~1,-1
9..07 T

-1

—1 —1,-1
=optoy..0n_10,0, 1.0, L "0, .

An+1

In other terms y,(a,) = an41 which is in B(A,,), in other terms the restriction of y,

to B(A,_1) is equal to F,, as defined in 2.4.5, thus, this restriction is injective:

F,: B(A,_1) — B(A,)
oi—o;forl<i<n-—1

—1
Ay, = Opn 410, .

Set I, to be the injection B(A,) < B(A,). Set i, to be the injection B(A,) —
B(Bp+1). We have the following commutative diagram:
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B(B,) > B(Bpi1)
Tp—1 /
Zn—1 ~ F ~ Zn
B(Ap-1) = B(4,)
Infl \
Tn
B(A,-1) > B(A,_1)

Geometrically, we realize in B(A,) the generators o; of B (A,;_l) (for 1 <i<n-1)
in the natural way, while concerning a,, we see that

On

n n-+1 1 2 n n+1

Figure 2.13: F,

Recall that B(B,,) is generated by {01, 05..0,, Gy, ¢, }. Now we consider ¢, as an auto-
morphism of B(A,;l). We call ¢,, the Dynkin automorphism of order n, since it generates
a subgroup of Aut(B(A,_1)) of order n. It shifts the generators of the Dynkin diagram
one step counter clockwise (o1 +— 09 > 03 ... > 0,1 — a, +— o1). In order to simplify
we call it the Dynkin automorphism, referring to it by ¢ when there is no ambiguity.

On the other hand we see that in B(A,,) for 2 <i <n — 1:

On0p—1--010p410; = 0;-10n,0n—1..010p41,
OnOn—1--010n4+101 = Qn0pn0Opn—1..010n41,

On0n—1--010p41ap = Op—10pn0n—1..01QAn+1-
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The last equality comes from the fact that a,1a, = o, 'a,0,a, = o, '0,a,0,, which

is equal to a,0, = 0,a,41. Hence 0,0,_1..01a,41 acts on the elements of B(A,_1) exactly
the way as ¢, ' does in B(B,).

Definition 2.4.10. In B(A;_l) we call 0,0,_1..01a,1 the dominating element, and we
denote it by D,,. When there is no ambiguity we call it D.

Remark 2.4.11. We show in 3.5 why we chose such a name for D,, and in which way it
"dominates” the elements of B(A,) "with respect to" B(A,—1).

The following diagram commutes

B(Bn)

A

in—l fn

B(An_1) > B(A,)

where f,, : B(B,) — B(A4,)
oi—o;forl<i<n-—1
Ay —> ananﬂa;l
¢ — D1

We consider the group B(A,) modulo the action of ($ni1) g(p(a,y (the subgroup

of Aut(B(A,)) of order n + 1 generated by the Dynkin automorphism). This group is
isomorphic to the free group in one letter.

We have seen that B(A,) surjects onto B(A,). Call this surjection £,, we get the
following diagram:
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- F, ~
B(An—l) > B(An)
N o
7:7171 ey 'Ln
B(A,1) — 5 B(A,)

v Un v
B(B,) < > B(Bp11)

: _ 111y 1 -
We have a,,_1i,_1(ap—1) = an_1(to1..04 20,10, _9..01 t7') = 01..04_20p,_10,,-9..01

1

which is equal to 5,-1(an—1). Hence a,_1i,-1 = B,—1. But we know already that

1nF, = Ynin_1 and z,a,_1 = a,y,. Hence x,56,_1 = B, F,.

Finally we present the arrows shown earlier by the following two diagrams
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2.4.5 Affine links and closures

In what follows we give some definitions and basic results in the theory of links, the
classical well known results concerning invariants of links are to be mentioned briefly. The
aim is to define the concept of "affine" links, defining dual concepts and conventions to
those in the classical theory. Most of theorems and results here are well explained in the
literature, and we will not give details.

Let C; be a circle in R?, where 1 < i < n. Let C" := U;C; be the disjoint union of
those n circles. We call C™ a rough link. Take the isotopy class of C", call it C', we call
C' a circle link or simply a link. We consider here only the piecewise linear links. If we
orient the circles forming C, we say that it is an oriented link. Notice that orienting a
circle is independent of orienting another one, since they do not intersect. Inverting the
orientation of one of the circles gives a different oriented link.

Roughly speaking, the problem of finding an invariant for the set of links in R? is to
give names to links, in such way that any two links which have the same "shape' (i.e., we
can arrive to one from the other by pulling and pushing the circles forming a link without
cutting, adding or omitting any of the circles) have the same name.

We recall the results of Alexander and Markov concerning braids and links.

Consider a braid b, that is: a an element of B(A,,) for some 1 < n. As we have n + 1
stand with n + 1 points at the top (the same at the bottom), a path from a point (say
the i-th point) at the top to the i-th at the bottom makes the i-th strand turns into
a deformation of a circle in R?, repeating the same step with all the points (using non
crossing paths) gives a union of disjoint deformed circles, hence a link. Thus we have
defined a mapping from UU;<; B(A;) into the set of links in R®. We call the image of b:

the closure of b, denoted by D.

Figure 2.14:
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We are interested in a map in the opposite direction.

Theorem 2.4.12. (Alexander) Suppose that C' is an oriented link, then there exists an
integer 1 <n and b in B(A,,) such that b= C.

In other terms, set OK to be the set of all oriented links in R?®. Then the following
map is surjective:

1<4

b—sb.

Let us present the main idea of the proof. Take any link C'. Suppose it is the union
of n deformed circles. We project it on R? respecting the crossing points (the concept of
positive and negative crossing makes it doable). We take any point in R?, say P. We
take an orientation of every circle (by arbitrary orientation of those circles we get all the
possible orientations of C'). The point P defines negative and positive rounds, say that
the negative, for example, can be shifted to the 'right’ of P the positive on the ’left’,
hence we arrive to some presentation of C' as the following

Figure 2.15:

Then we can cut the circle on the axis p, getting a braid whose closure is C.
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The next question is, obviously: when do two braids have the same closure? The
answer is a theorem of Markovs’.

Theorem 2.4.13. * (Markov) Two braids have the same closure if and only if the exists
an integer 1 < n such that: starting from one of the two braids we can arrive to the other
by a finite number of transformations of the two following types:

e ab <> ba Where a and b are in B(A,),

o a <> xo, Where a is in B(A,_1).

After this theorem a very elegant answer would be to find a family of applications
tni1 defined over B(A,) such that for all 1 < n:

e t,(ab) = t,(ba) for all @ and b are in B(A,,_1),

o t,11(xo,) = t,(x) for any z is in B(A4,_1).

The answer given by Jones was exactly of this form, it will be explained in details in
the following sections. Here we attempt to define an "affine link" as a result of closing an
affine braid, where we mean by affine braid an element of an A-type braid group. This
task is not as evident as the A-type braid group, for we have many geometrical presenta-
tions of A-type braid groups. A choice must be made here, this is what we are about to
do in the rest of this section.

In order to simplify we call an oriented link simply a link in R? (in the literature S®
is often used).

We call a B-braid any element in a given B-type braid. Clearly any affine braid is a
B-braid, which have a presentation as a cylindrical braid which could be closed at least
in two ways. Here we view B-braids as we did above, braids with one fixed strand. Now
we consider the following application:

«I : B(B,) — B(A,)

g; — 0i+1f0r1§i§n—1

t»—)a%.

It is geometrically presented as follows:
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1

Figure 2.16: t — o?

We see that
_ 2 2 _
wWI(toytoy) = 01090709 = 010901 020109
—— N —
= 0901 020109 01 = 09010507 =, I(01to1t).
——

In other terms ,,/ is a homomorphism. Moreover, it is a monomorphism (see [Cri99))
. The following diagram, of injections, is commutative:

Figure 2.17:

Here z,_ 1 and z,, are clearly injections, since z,_; and x,, are so.
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Corollary 2.4.14. * Any B-braid (hence affine) can be viewed as a braid in
some A-type group. So, we can define the closure of an affine braid as
the closure of its image under ,I. This injection means that any condition
forcing any two affine braids to have the same closure is a consequence of
the two Markov conditions.

Proposition 2.4.15. Let = be any affine braid (then) in B(An_y) for some 2 < n. Then:

1) Given y in B(A,_1) such that ¢,(y) = = then § = & (in other terms " is
invariant under the action of the Dynkin automorphism,).

2) xan1 = 1.

Proof. Suppose ¢, (y) = . That is equivalent to saying that D,zD;' =y in B(A,). But
by the first move D,z D' <> xD; 1D, = z. Thus z <> y.

On the other hand za,.; = zo,'a,0, = ra,o.a,' < a,'ra,o,, by the first move.
But a,'za,o, < a,'xa,, by the second move. Hence we are reduced to a,'za, <
rana,;' = x, by the first move, which means za, 1 <> .

]

Set m to be {E;b € B(An)}.

Now we reformulate our description what we called " B-links", defined as the closures
of B-braids. In R3 the B-links are those links in which there is an oriented unknotted
fixed circle. Now we can talk about B(A,) defined above without ambiguity (so as for

—

B (An)) It is clear geometrically, that considering the fixed circle as a circle among the
others gives the way in which B(B,) is contained in B(A,), while links in which there

—

is no strings around the fixed circle, gives the inclusion of B(A,_1) in B(A4,). It is well
known that B-links represent the links in a solid torus, the string which make the round
around the hole of the torus represent ¢ or til, which depends of course the orientation
of the string.

In the same spirit we see that affine links are B-links in which the number of positive
rounds equal the number of negative rounds, off course around the fixed circle. links who

—
—

do not make rounds are counted here, actually they describe B(A,,) containing B(A,,).

42 sur 148



CHAPTER 2. ARTIN-TITS BRAID GROUPS

Corollary 2.4.16. Suppose that Ly and Ly are affine links. Suppose that l; and ls are
two affine braids such that lAl = Ly and l; = Ly. Then Ly and Lo are isotopic if and only
if Iy and Iy are equivalent by the sense of Markov, when being viewed in Uy<;B(B;) , that
is: if and only if ©,,(1;) and 2,(ls) are equivalent.

Proof. See theorem 5.2 in [GLI7] with proposition 2.4.15 .

Figure 2.18: Affine closure

2.5 Bibliographical remarks and problems

Definitions and results of 2.1 and 2.2 are taken mostly from [Par07], while those of 2.3
are taken from [GLO3], where we can see more details about the group B(By,+1).

In lemma 2.4.9 we followed [DGO1], in which section 5 and proposition 16 ensures us
that the kernel of o, is the group generated by F'j for 0 < j < n, what is more that this
group is free on the letters F'j.

Theorem 2.4.13 Announced by Markov himself, finally proven by Birman.

In corollary 2.4.14 we have resumed our conclusion about the closure of affine braids,
one can view it as the "affine" version of theorem 2.4.13.
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At the beginning we were all free,
then “they” invented: relations. Said a group.

CHAPTER Il US| el

3
I Coxeter groups

3.1 Coxeter systems *

Let S be a finite set, let M = (my)s1es be an associated Coxeter matrix, let I' = I'(M)
be its Dynkin graph. Consider the associated Artin System (B, S). As in definition 2.1.2,
B = Br is to be the braid group of type I'.

Definition 3.1.1. We call the normal subgroup of B = Br generated by the set {s*;s € S}
the I'-type pure braid group, it is to be denoted by P = Pr.

Since P (generated as a group by the set {zs*2271; s € S; x € B}) is normal in B,
we give the following definition.

Definition 3.1.2. Put W := Wr = Br/Pr. We call (W,S) a Coxeter System, and we
call W a T'-type Cozeter group.

It should be known that up to isomorphism, there is a one-to-one bijection between
the set of Coxeter Matrices and and the set of Coxeter Systems.

As a result from the definition we can see that if S is a formal copy of S, with s asso-
ciated to s via this identification, then the natural surjection B — W sends s to s. What

is more, we have a presentation via generators and relations for the I'-type Coxeter group.

The group W = Wr is given by a set of generators S = {s;s € S} with as defining
relations:

e prod(s,t: mg) = prod(t,s : mg) for any non-equal s,t in S with mg,; # oo,

e s2=1forany sin S.
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In what follows we identify s with s, when there is any confusion we are distinguishing
one from the other by a suitable change of symbols, which is to be declared. Usually we
refer to the first kind of relations by " braid relations', while the second is a style of
"quadratic relations". In the literature, we often call the elements of S (say S from now
on) simple reflections, and conjugations are called reflections. this comes from the fact
that, as been mentioned in 2.1, the Coxeter group may be viewed as a real reflection group.

We say that a Coxeter group is irreducible if there does not exist two subsets in S (say
S1 and Ss) such that {S;, 52} forms a partition of S, and every element in S; commutes
with every element of S,. Although most of the general results we are about to mention
are independent of the irreducibility of our Coxeter group, we mean from now on by a
Coxeter group an irreducible Coxeter group. Irreducible Coxeter groups are classified,
but we are will not talk about the classification in this work. We give the presentations
of the different types used in our work in this section, nevertheless, it was shown that a
given Coxeter group is irreducible if and only if its Dynkin graph is connected (it is clear
by definition that if we have a Dynkin graph I" which is a disjoint union of two graphs,
say I'1 and I'y, then any vertex of I'; commutes with all the vertices of I'y).

The length of a word has the familiar meaning of the length in a group given by
generators and relations, i.e., we consider the length with respect to S. One can show
easily - using the fact that each one of the defining relations of a Coxeter group contains
an even number of factors- that for every w in W and s in S we have [(sw) = [(w) £ 1.

The next theorem (named after Matsumoto) which has many versions in literature,
gives another definition of a Coxeter system, this explains the French sentence: Mat-
sumoto et Coxeter, c’est la meme chose, presque!.

Theorem 3.1.3. (Tits) Suppose that W is a group generated by a set S. Then the fol-
lowing two statements are equivalent:

o The pair (W, S) is a Coxeter System.

o For all s € S, we have s> = 1, and if 5152..5, 5 any reduced expression in
elements of S, and if we have some t € S, such that tsiss..s, is not reduced,
then there exists 1 <1 < r, such that s153..5, = 151..5;_1Si11--Sp-

Theorem 3.1.4. Suppose that (W, S) is a Coxeter system. Then any reduced expression
for an element of W can be deduced from any other reduced expression, only by applying
braid relations.
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This last theorem has a main role in describing the nature of elements of the structures
related to a Coxeter group, for example we have the next result concerning braid groups.

Corollary 3.1.5. Let I be a Dynkin graph. Let W be the I'-type Coxeter group. Let B
be the I'-type braid group. Let w in W be given by some reduced expression w = s1Ss..5,.
Then the element W in B given by W = s$189..5, is well defined,.i.e., it does not depend
the reduced expression of w in W.

Definition 3.1.6. Let w be in W. We call the subset of S consisting of all generators
appearing in a (any) reduced expression of w the support of w. It is to be denoted by

Supp(w).

We define .Z(w) to be the set of s € S such that I(sw) < I(w), in other terms s
appears at the left edge of some reduced expression of w. Similarly we define Z(w).

There is a class of subgroups which is of a great importance in the theory of Coxeter
groups, we start by the following lemma.

Lemma 3.1.7. Let (W,S) be a Cozxeter system. Suppose that I C S. Set Wy to be the
group generated by I. Then (Wy, 1) is a Cozeter system, moreover, its Cozeter Matriz is
the sub-matriz of that of W indexed by I.

Definition 3.1.8. With the notations above, Wy is to be defined as a parabolic subgroup
of W.

A Coxeter group is said to be of spherical type if it is of finite order, if not it is said
to be of affine type.

3.2 W{(A,) as a parabolic subgroup of W(B5,)

In this section we review briefly some definitions and basic facts about the two spher-
ical A-type and B type Coxeter groups.

The A-type Coxeter group with n generators W (A,,) is the quotient B(A,)/P(A,).

Where P(A,,) is the pure braid group in B(A,,). It is given by S = {0y, 09, ..,0,} as a set
of generators with following defining relations:
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e 0,0, =0j0; where 1 <i,j <nand |i —j| > 2,
® 0,0,110; = 0;110;0;+1 where 1 S 1 S n— 1,

oaleforalllgign.

Remark 3.2.1. As we did in the general definition of Coxeter groups, we will - with
the three types of Coxeter groups treated in this work- keep the same notation for the
generators of the braid groups and their images under the natural surjections, i.e., in this
chapter o; (resp. a;) are the images of our o; (resp. a;) in the first chapter.

Consider the group of permutations of a set with cardinal n + 1 (say {1,2..,n + 1}).
This group is called Sym,. Call f; := (i,i 4+ 1) the permutation exchanging i and i + 1
where 1 < i < n, and fixing the other numbers. Now, Sym,,_; embeds in Sym,, by viewing
any permutation of {1,2..,n} as a permutation of {1,2..,n + 1} which fixes n + 1.

Lemma 3.2.2. [Bou81] With the above conventions, o; — f; for 1 < i < n define an
isomorphism between Sym,, and W (A,,) which respects the inclusion Sym,_1 < Sym,,.

Thus, it is obvious that the function which sends o; to g; for all 1 <i <n —1is an
injection of W(A,_1) into W(A,,), call it z,_;. We are however, interested in viewing
W (A,,) from a " Coxeter' point of view. The group W (A,) is of order (n + 1)!, in which
any element is either in W(A,_1) or can be written as uo,0,_1..0;, where u € W(A,_1)
and 1 <i <n (see [Bou8l1]). In other terms the set

{1,000n1..0;1 <i<n}

is the set of distinguished right coset representatives of W(A,_1) in W(A,,). We deduce

that the set {1, 0,} is the set of distinguished double coset representatives of W (A,,_1) in
W(A,).

The same holds for B-type Coxeter group with n + 1 generators W (B,,11). It is the

quotient B(Byp+1)/P(Bn+1), where P(B,41) is the pure braid group in B(B,1) In other
2

terms, it is the normal subgroup of B(B,,1) generated by {t? 0%, 03, ..,0%}. Tt is given
by S = {t,01,09,..,0,} as a set of generators with defining relations:

e 0,0, =0j0; where 1 <i,j <n, and |i — j| > 2,

® 0,0;110; = 0;410;0;41 Where 1 <7< n —1,

e o;t =to; when 2 <1 <n,

0'1t0'1t = tO’ltO'l,

ot2:ai2:1fora111§i§n.
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Set y,—1 to be the injection of W (B,,) into W(B,,11) (see [GLIT]).

We set t; := 0,0;..0;to;..0;0; for 0 < i < n, where ty = t. The the set of distinguished
right coset representatives of W (B,,) in W (B,41) is

{1; tn; OnOn—1 +-- Ont1—k; OnOn—1 --- 0n+1—ktn+1—k—1; 1 S k S TL} .

We see directly that {1,0,,t,} is the set of distinguished double coset representatives
of W(B,,) in B(A,+1) (see [GLI7]). Notice that W (B,,) (resp.W(A,_1)) is a parabolic
subgroup of W (B,,11) (resp. W(A,)).

As we did in the first section with braid groups, we set T to be the normal sub-
group in W (B, 1) generated by ¢, which is the subgroup generated by xtx™! for z €
W(Bpt1). Obviously W(B41)/T = W(A,). We get the following exact sequence
1 - T — W(Byp+1) = W(A,) — 1. We denote to the surjection B(B,+1) — B(A,)
by a,. We get the following commutative diagram

Yn

W(B,) > W(Bpi1)
Qp—1 (679
W(A,_1) - > W(A,)

Lemma 3.2.3. [Bou81] Let (Z/27Z.) be the group of order 2, then
W (Bpy1) & (Z)27)" ™ x W (A,).
Set i, to be the injection of W (A,,) into W(B,,+1). We get the following commutative

diagram (where every subgroup is parabolic):

Yn

W(B,) > W(Bni1)
In—1 1
W(An-1) - > W(Ay)
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3.3 The affine Coxeter group W(A,)

In this section we present affine Coxeter groups in different ways. We use one of them
to determine left and double classes and their representatives. Those representatives are
not given by a reduced expression.

3.3.1 Presentations

As we defined the last two types of Coxeter groups, we define the fl—type braid
group with n + 1 generators to be the quotient B(A,)/P(A,), where P(A,) is the

pure braid group in W(A,). Also W(A,) is the group presented by a set of genera-
tors {01, 09..0y,, an11}, together with the following defining relations:

e 0,0, =0;j0; where 1 <i,j <mn, and i — j| > 2,
® 0,0,110; = 0;110;0;4+1 when 1 S 1 S n — 1,

® 0,0p11 = Apy10; When 2 <7 <n—1,

® 010p4+101 = Ap4+1010p+1,

® 0pUnt10n = Ant10nQnil,

e a2 =o2=1forl1<i<n.

We give another presentation of W (A,). Let u be a permutation of Z.

Definition 3.3.1. u is said to be an m-periodic permutation if u(i +m) = u(i) +m for
any i € 7. We define the total shift of u (where u is any m-periodic permutation) to be:

We set ('Z to be the set of m-periodic permutations with total shift equal to 0. It forms
a subgroup of the group of permutations of Z. Let i be an integer such that 1 <7 < m—1.
Then the m-periodic permutation which sends i to i + 1 (and vice versa) and fixes the
set {1,2..,m} — {i,i + 1} is to be denoted by s; = (i,i + 1). Now set s,, := (1, m). Here
™7, is generated by {s;;0 < i < m}. It is clear that 'Z injects into J"*'Z by viewing any
permutation v in 'Z as a permutation of §"'Z which fixes m + 1, it is clear that viewing
v in such a way shifts its period from m to m + 1, while the total shift of v is equal to
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1 i=m-+1 ] ) ) )
P ; v(i) — i |, which is equal to
1+m |1 Z:m 1
[ ]+(m+1—(m+1))
m z:l -+ 1

which is obviously 0. We denote the generators of §"*'Z by t;, where 1 < i < m + 1.
We see that this injection sends s; to t;, for 1 < ¢ < m — 1. Now we realize s, as an
expression of ¢;. Considering the segment label from 1 to m + 1 we see that in J""'Z the
permutation which replace 1 by m is equal to (m,m+1)o (1,m+1) o (m,m+1). Hence
by the injection above s,, is send to t,,t, 1 1tm.

Theorem 3.3.2. [Lus83] With the above notation, we have 8717 = W (A,). This iso-
morphism sends (i,i+ 1) to o;, for 1 <i <n—1, and sends (1,n+ 1) to ap1.

Now we see that W(A,_,) is indeed injected into W(A,). We call this injection F,.
We have
Fo: W(An_1) — W(A,)
oi—oforl<i<n-—1

QAp — OpGpa10py.

Remark 3.3.3. Recall The presentation of B(/in) giwen in 2.4. It gives obviously, a new
presentation of W(An), since az and a,11 are conjugate, thus a3 =1 gives a2, =1, and
vice versa . In other terms the relations (1), (2) ... (6) added to a% = o? = 1 with the
set 8" = {01, 09..0n,a3} gives a (generators and relations)-presentation of W(A,). the
morphism F,, above, as in the braid group case, becomes

F,: B(A,_1) — B(A,)
oi—ro; forl<i<n-—1
as — as.

That is why we refer to it as the "parabolic-like” presentation, for the set of generators
of W(An_1) is a subset of that of W(A,). The inclusion is given by restricting F,, to the
set of generators of W(An_1). Unfortunately it is not Parabolic, for (W (A,),S") is not
a Coxeter system. Yet, the relation o309a303 = 02a30309 is not a very "strange" relation!
In other words, if one would like to extend the family of braid relations, to be relations
involving three elements, this relation is a very good candidate. Moreover, the element as
is a conjugate to a simple reflection, hence it is a reflection. We see in some works of
Lee, Birman and Bessis that sometimes viewing a Coxeter group as a group generated by
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its reflection is a powerful tool. Here we are talking about viewing this group generated by
a set of mized elements : reflections and simple reflections! Finally we will see later that
this presentation is valid for the other structures which will be treated in what follows.

Now we explain a third way of presenting W (A,): as a semi-direct product. We start
with the following lemme.

Lemma 3.3.4. [GL03] Let Z.,, be the free Abelian group with n generators. Then,

W(A,) Z2Z, x W(A,).

In what follows we explain in details this semidirect product. Here Z, can be viewed
as @;3 (cvi), where aq, ag, .., ay, are the following free generators:
&1 = 0102,
Qg = 090102 ...,
Q; = 0,010, Wherej = 2, e, n.
The group Z, can be viewed as {(zo,zl, ey 2p) € T I 4 = 0}. The action

of o; € A, on (2,21, ... ,2,) permutes z;_; and z;. Now we describe the law of the
semi-direct product of W (A,) by Z, (being written additively). We have:

<(Zo,2’17 72’n)70i>-<(<07<1, 7Cn)70j> = ((207217 7Zn) +Ui[(C0aC1, ,Cn)},Uin)

The generators are presented as follows:

Q] = (_17 LO?O) 70)7
as = (—1,0,1,0, ... ,0),

an = (=1,0, ... .,0,1).

Notice that a; = 0j0-10}, except for o1 which sends ay to —ay (where Z,, is written
additively). Any element x of W (A,,) can be written uniquely as z,,z, where x,, € W(A,)
and z, € Z,. We denote the image of z, under z,, by [2,].,. Thus z,z, = [2,]s,2n. The

same holds for an element y in W(A,): it can be written in a unique way in the form
NnYn Where y, € W(A,) and 7, € Z,. On the semi-direct product level, we see that

while 7,4, = (17, 1)-(0,Yn) = (1, Yn)-
Moreover, we have 7,y, = ynyrzlnnyn =Yn [nn]yrjly;lyn = Yn [nn]ygl'
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Now we consider some examples. We start by as, which is written as as = o1a, which
is equal to (0,01)(c,1) = ([@1]sy, 01) = (—aq,01). On the other hand we have:

g = 0203 ... OpQp4+10y ... 0302,
thus, a,+1 = 0,0,_1 ... 02090 ... 0,10,
=(0,0,0n-1 ... 02)(—1,01)(0,0% ... 0p_10y)
= ([_al]anan_1 e 029 0n0n—1 --. 0201) (0702 Un—lan)
= (—ap, 0,071 ... 0201)(0,09 ... Op_10,).
Hence a,1+1 = (—au,, 0y ... 020103 ... 0,),

in other terms: a,,; = 04;10” ... 020103 ... Op.
For a,, which equals o,a,110, = (0,0,)(—an, 0y ... 020109 ... 0,)(0,0,), we have:

ay, = ([—ozn]gn,an_l . 090107 ... O'n_l(fn) (O,Un) = (— Op_1,0n_1 ... 020109 ... O'n_l).
Now we reconsider the surjection in 3.3.1,

T B(An) — W(/in)

We reconsider the subgroup N, of B(A,) as well (which is the normal subgroup gen-
erated by e, where e = a,410,'0,%, ... 05 0105 ... On_10,). Now N, is generated by the
elements geg~! where g is in B(A,). We take any z in N,. Then, there is a non negative
r such that = gie*'g; ! ... g.e*lg'. By noticing that m,(e) = a;; !, where a, is the very

a, in Z,, above, we see that

Tn(2) = (g1 (M (g1) ™Y oo Tn(gr)om(mn(gr)) ™!, since Z, is normal in W(A,).

€Zn EZn

In other terms:
Tn(Ne) C Ziy,.

On the other hand, we can lift the generators of Z, to conjugates of e. Namely we

set in B(A,):

Qn: =€ 1,
~ ~
n—1 = 0pQno,
~ ~ -1
and oy 1 = 09000, .
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So, for 1 <17 <n — 1, we have:
-1

a; = ai..an&nagl..ai

We can directly see that m,(q;) = «;, for 1 <14 < n. in other terms: thg restriction of
7 to N (say ¢) surjects onto Z,. One can see that ker(y) = ker(m,) N P,.

Thus, the surjection 7, respects the two semi-direct products in the following sense:
when passing from the affine braid group to affine Coxeter group, by "quotienting" on
the affine pure braid group, the braid group B(A,,) turns into the Coxeter group W (A,,),
while the free group N, turns into the free Abelian group Z,:

~ Ne X B(A,)

B(A,)
Lrn ™ e " pan)
W (A,)

~ Z, X W(A,)

3.3.2 Left and double classes of W(A,_;) in W(A,)

Proposition 3.3.5. Let L,, be the set of distinguished left coset representatives ofW(A,:_l)

in W(A,). In W(A,) we set 6,41 = 1. Then, we have
L,= {Jr..anaﬁ; (keZ),(1<r<n+ 1)} :

Proof. Let x and y be in W(A,). Then z is written uniquely as z = z,a%2,_;, and the

same holds for y, say it is written as y = y,al2/,_,. Here z,, and y, are in W (A, ), while

Zp—1 and 2!, are in Z,_1 and k, h are two integers.

Now, xW(A;,l) = 2,0 W(Ap_1) 201,
and yW(A;—l) = ynaZW(An—l)Zn—l-

Suppose that £W(A,_1) = yW(A,_1). Then, we have:

xnaﬁAn_lzn_l = ynaZAn_lzn_l = there exists w € W(A,,_1) and 0,1 € Zy_1,

such that xnaﬁ = ynaZnn,lw. But ynozZnn,lw = ynww’lahnn,lw.

Since Z" is normal in W (A,), it is straightforward that w=a’n,_,w is in Z". In other

terms :rnafl = YW w_lahnn_lw.
N————

Since the writing is unique, we get the two following equalities:
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(1) Tn = YW,
(2) of =wtaln, jw.

(1) Means that z,W(A,_1) = y,W(A,_1), in other words z,,y, belong to the
same left class of W(A,_1) in W(A,). This class has as a representative one
of the elements of the set {0;..0,,_10,; i =1,2,.n+ 1}.

(2) Gives that o wa,*w=' € Z, ;. That is:

(hatn, 1)(0,w).(—kay,, 1).(0,w™) € Zy 1.

This gives:
(hau, w)(—kay, w™") € Zp_1.

Hence, (ha, — k[ap)w, 1) € Zp_1.

Notice that w acts only on the first n-th coordinates, in other terms:
—klom]w = —k[(—l,o, ,0,1)} = —k(0,..,—1,.,1) = (0, ... k, .., k),
where £ is in one of the first n-th positions.
So, (han = klomluw, 1) = ((=hy ...k, s h — k), 1) € Zy_y. That is h = k.

For the converse, suppose that x, € y,W(A,_1) and h = k. So y = z,uclz, ;, for
some u in W(A,_1). Thus y = z,[aF]uz, ;.

As we have shown above, since u is in W(A,_1), we get [aF], = aF2! | for some
Pl S Zn—l-

n—1

Hence, yW (An_1) = znab 2! uz,  W(A,_1),

nTn

so that yW (A, 1) = 2W(A,_1).

Thus, we have x € yW (A,,1) & z, € y,W(A,—1) and h = k.

This is equivalent to L,, = {a,...anafl; (keZ),1<r<n+ 1)} :

]
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Now we treat the double classes of W(A,_1) in W(A,). We start by the following
lemma.

Lemma 3.3.6. Let x,y be any two elements in W(fin) Suppose that x = z,akF2, 1,
Y= ynaZCn_l as above. Then:

[z € W(A, )yW(A,_1) = 2, € W(Ap_ 1)y W (An_1)].
Proof. © € W(An_1)yW (A,_1) gives that:

W(Ap_1)xnaf W (A,_y) = W(Ap_1)yna W (A,_1).
Hence, there exists w in W(A,_1), and A in Z,_1, such that:
A X W (A1) = wyno"W(A,_1).

Now we consider Az,, which is equal to z,[A],-1. Thus Az, W(A,_1) is equal to
xnafl[)\]x#W(A,:,l) . So we have:

20k [Nt W (An_1) = wyn W (A,_y).

In other terms, the two elements z, of[)]
~~

kA1 and wy, ol belong to the same
" —~~

x
W (An) W (An)

left class, hence, by the last proposition there exists some w in W(A,_1), such that

T, = wy,w. That is: z, € A,_1ynAn_1.

]

Now we take z = xnaﬁzn,l and y = ynaﬁcn,l to be any two elements in f[n as above.
Suppose that they are in the same double class. By lemma 3.3.6 we have two, and only
two cases to be treated:

(1) x, and y, are both in W(A,_1).

(2) z, = uo,..04, and y, = vo,..0;, for v,u in W(A,_1), and 1 <i < n.

Suppose that we are in case (1).

The fact that z € W (A,_1)yW (A,_1) gives W (A,_ 1) oW (A,_1) = W(A,_)alW(A,_).
Thus, there exists w in W (A,_;), and n Z,_,, such that nafW(A,_1) = walW(A,_,).
That is: afLW(A;_l) = waZW(A;_l). By proposition 3.3.5 we have h = k. In other
terms, when we are in case (1) the double classes are determined by k € Z.
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Suppose that we are in case (2).

The fact that = € W(A,:_l)yW(A;_l) gives

W(Ap_ 1)l W(A,_1) = W(A,_1)ynaW (A, — 1). In other words:

(An 1) erieY kW(Ar:_l) = W(A;_l)’UO'n O—iaZA'r;—1>'
But o,_; ... 0;0F = ozkz" _Op_1 ... 05, for some z’_, in Z,_;. The same holds for a.

Hence, = € W(A;_l)yW(A,:_l) gives that:

W(An 1)O'nOé W(A; 1) (A;,l)anaZW(AT:,l),
which is equivalent to W (A,_;)ak 1anW(Ar: ) =W(A,_)ah 0, W(A,_1).
1)

Finally we see that in case (2) z € W(A,_1)yW (A, _;) implies that

W(A;—l)anW(A;—l) = W(An—l)UnW(A;—l)'

This is always verified, in other words when we are in case (2) there is a unique double
class presented by o,,.

Corollary 3.3.7. Let D), be the set of distinguished double coset representatives of W(An-1
in W(Ay). Then

D, ={af,00; (k€Z)}.

3.4 Fully commutative elements

In the first part of this section, we give some general definitions. In the second part,
we list our general result about the affine fully commutative elements. No details will be
given about fully commutative elements in Coxeter groups of types other than the group
W(fin) The concept of fully commutative elements is central in the theory of Coxeter
groups, rather then being a base point of the (T-L) algebras theory, about which we are
talking details, in the following sections.

Let (W, S) be a Coxeter system with associated Dynkin Diagram I'. Let w € W. We
know that from a given reduced expression of w we can arrive to any other reduced ex-
pression only by applying braid relations. Among these relations there are commutation
relations corresponding to the non-neighbors (precisely, ¢ and s with mgy = 2).
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Definition 3.4.1. Elements for which any reduced expression can be arrived to starting
from any other only by applying commutation relations are called fully commutative ele-
ments. Usually we denote the set of fully commutative element by W€,

Remark 3.4.2. * Suppose that (W, S) is such that any two elements in S are conjugate
in W, in this case fully commutative elements have some additional elegant properties,
for example we can reformulate the definition as follows.

Proposition 3.4.3. Let (W, S) be such that any two elements in S are conjugate in W.
Let w € W. Then w is fully commutative if and only if every s in Supp(w) occurs the
same number of times in any reduced expression of w.

Hence, in this case, in a fully commutative element w, we can talk about the multiplic-
ity of a simple reflection in Supp(w). That is if s is in Supp(w), we call the multiplicity
of s in w the number of times s appears in a (hence every) reduced expression of w. The
center of our interest in this work is fully commutative elements in A-type Coxeter groups,
which is an example of Coxeter groups in which any two elements in S are conjugate.

3.4.1 Classification of W¢(A,): a normal form

This subsection is to be viewed as of the proof of the following theorem.

Theorem 3.4.4. Let 2 < n. Let w € W(A,) be a fully commutative, such that a,, €
supp(w). Then, there exists a unique reduced expression of w, of the following form:

W = 04,..02010p,..0p,-101n0n4+1045..020104,..0pn-10p,0p41 --- O'ip..O'QOjO',,«p..O'n_lO'n
k
(an+10'j..0'20'10'j+1..0'n,10'n) u.
Where: 0 <4y <ig ... <ip<rp<r9.. < <n+1l,1r—i,>214,<j<r,—1,
i1 <nand0<k.

We have two possible forms for u:

o [fk =0, then:
U = Gp410y-.0¢,013..0gy +.. O1,..0g,,

where 1 <y < .. <l; <n, 1< g1 < go.. < g <nand gy <, for any

1<k<n. Withi, <l and g <rp.
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o Ifk>1, then:

U= Qp410j .. 0410541 +-o Ody0j42 «oo Odg ovr Otz oo Od 4y,

where dy < dy ... <d,y1 andj+c>deyr for0<c< 2.

Consider the group W(A,). We set W¢(A,) to be the set of fully commutative ele-

2(n+1)
( n+1
by induction on n (considering right classes of W(A,_;) in W(An)) the following propo-
sition.

ments, its cardinality is the Catalan number ——

e ) However, one can prove easily

Proposition 3.4.5. Let u be any commutative element in W (A,). Then there is a unique
reduced expression of u of the form

U= 04..04,0i5..0jy ... O'ip..O'jp,
where 1 <4y <ig.. < ip <m, 1 < j1 < Jo.. < Jp < and ji < i for every 1 < k < n.
Notice that if o,, belongs to supp(u), then o, will certainly appear only once, and it is

to be equal to o;,. Similarly for oy: if it belongs to supp(u), then o, will certainly appear
only once, and it is equal to o;,.

Definition 3.4.6. An element u in W¢(A,) is to be called full if and only if both o, and
o1 belong to Supp(w). In this case u has a reduced expression of the form:
U= 04..0104y..0j, ... O'n..()'jp7
where 1 <4y <ig.. < ip_1 <n, 1 < jo.. < Jp < and ji < iy for every 1 <k < n.
Definition 3.4.7. Suppose that u is full, i.e., u = 0;,..0104,..04, ... 0,..0;,. We say that

o, 1s on the left (in w), if and only if u = o, ... 0901. In all other cases we say that o,
is on the right.

Definition 3.4.8. We define the affine length of u in W€¢(A,) to be: the multiplicity of
ant1 in Supp(u). We denoted it by L(u).
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Suppose that w is a fully commutative element in W (A,,). Clearly L(w) = 0 expresses
the case where a,; is not in supp(w), in other terms w is a fully commutative element
in W(A,,). Suppose that L(w) = m where m is positive. Any reduced expression of w is
of the form:

W = U1Gp41U200+1 -+ UmAp4+1Um41,

where u; is in W¢(A,,), for 1 <i < m + 1. Moreover, suppose that L(w) > 2. Then
u; must be full for 2 < u; < m, otherwise w is not fully commutative.

Before treating the general case, we classify fully commutative elements of W(fig).
This gives an idea about the general proof, in its most simple form.

Theorem 3.4.9. Let w be in W¢(A,). Suppose that 0 < L(w). Then there exists 0 < k,
such that w has one and only one of the following forms:

1 1 1 1
as (oy01a3)" 02 as (o109a3)" a1
0103 0201 0203 0102

Proof. As we saw above w = ujaszusas ... Upasly,11, where u; is in W(Ay). If L(w) is 1
or 2 it is clear that we can get it from the tree formulas above. Suppose that 2 < L(w).
Hence u; is full for 2 < u; < m. In particular us is full. Actually there are not many
choices for uy, since the only full elements in W (Ay) are o109 and g907. The first possibil-
ity is that uy = 0109. Now being a full element, us is definitely equal to 0,05, otherwise
we would have the, in w, the following subword w;a,107 02a305 o1. This is not possible

since w is fully commutative, thus uz = us = 0109. The same holds for every u; for i < m,
i.e., if uy is equal to o109 then w = uya,11(0102a3)™ U1

It is clear that w; is in W (Asy), and does not end with oy, hence u; is equal to o5 or 1.
In the same way, we see that wu,,,; is in W¢(Ay), it cannot ends with o9, S0 U, 11 is equal
to 01,0109 or 1. In other terms, if uy is equal to o109 we get the second tree.

Now suppose that uy = 0907, then w = uyaz(0201a3)™ 1. With a similar discus-
sion about the first choice of uy, we see that when us, = 0901 we get the first tree.

]
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In order to simplify, we suppose now that 3 < n (Although many propositions in what

follows are valid in W (A,)).

Remark 3.4.10. Let u be a full element : u = 0y,..0104,..0j, ... 0,..0;,. Assume that o,
is on the right in u, hence, by pushing o, to the left we see easily that

U = 0;..09010 ... Op_10,7T,

wherel <i<n—1,1<r <nandi<r. While supp(x) C {02,05..0,_1} if x is not 1.

Lemma 3.4.11. Let w be in W¢(A,,) such that 2 < L(w). Say:

W = U1Ap1U20p+1 --- UmnApp1Um+1-

Assume that o, is on the right in uy, for 2 < h < m. Then w has one of the three
following forms:

W1 = U10p4+104,..02010p,..07n-10,0p4104,..02010y5..0p—-10n0p41 .. O’ip..O’QUlO'Tp..O'nfla'n

m—(1+4
(an+10'j..0'20'10'j+1..0'n_10'n) (1+p)

Up4105..04,0541-.0dy0j42..0d3 +- Ojqz..04, 4
Where iy <y ... <ip <71, <Tg.. <11 <n,r,—i,>3andp<n/2.
With i, < j and j +1 < 1y,

While dy < ds ... <d,i1 and j+c¢ > deyq, for 0 <c< z.

Wy = U10n4104,..020104,..0n-10p0p41045..02010y4..0p_10n0p41 ... O'Z'p..0'20'10'rp..0'n_10'n

Up4105..02010j42..0p-10p

m—(p+2
(an+1gj+1~-U2010j+2--0n—10n) (p+2)

Unt10j41.-0d,0j42..04,043..0dy .. Tjtz-.0d,
Where iy < iy ... <ip<7p<Tg..T1<Mn,r,—1i,>4, andp <n/2.
With i, < j and j +2 < rp.
While dy < ds ... <d, and j+c¢ > deiq for0<c<z.

W3 = U10n4104,..020104,..0n-10p0p4105..02010p4..0p-10n0n41 ... O'ip..O'QO'lO'rp

Up4101,..04,015..0gy .. O1;..0¢g,.
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Where iy < iy ... <i, <7, <72 ..71<Mn,T,—1 >3 andp <n/2.
Withl1 <l <lp.. <l;<nandl < g < go.. < g <.

While i, < Iy, g: < 1p and g, <l for any 1 <k <n.

Proof. Before starting with the details of the proof, we call the reader’s attention to the
fact that our assumption that o, is on the right in u, for 2 < h < m is legitimate, since
we know that these w;, are full by the discussion above. Using the discussion above we

can write:

Up—1 = 04, ..02010p, ... Op_10,2p, for 3 < h <m+ 1.

As above 1 < iy <n—1,1<r, <nand i, < ry, with Supp(z;,) C {09,03..0,_1, }.
Since a4, commutes with x, for all h, we can write &;a,41U;41 as apy1uj,; with i full,
in which o, is on the right. Applying this inductively, we can write w as follows:

W = U10p+104,.-02010¢,..07,-10n0n+4104,..0201075..0n,-10n0p+41 ... O4,, 1..02010p, _; ...

On—-10n0n4+1Um+1,

with uy, ume1, 4, and 7, as above. Now we have 3 main cases to consider:

(1)

1 —il = 1, i.e., 1 :Zl—|—1

In this case we do not have many choices for the full elements on the right of
uy: we have one and only one choice, i, = 71 for all h < m — 1. Thus 5 = ;.
We have:

_ m—1
w = ul(an+1aj--g2alaj+l'-Onflan) Apn1Um41-

Here we see that u,,,; is a fully commutative element, which need not to be
full, yet this element cannot have a reduced expression starting by any simple
reflection in W (A,,) but ;. If u,,41 # 1, we can thus, express it as follows:

Um41 = 05..0d10541.-0d30542-.0dg ++- Oj42..0d, 1,

where dy < dy ... <d,y;and j+c>d.y1for 0 <c< 2.

1 —il :2, i.e., 1 :Zl+2

In this case we have, as well, only one choice for the full element on the right
of uy, namely (we set iy = j):

_ m—2
w = ulan+10-j--0-20'10-j+2--O-nflo'n(an+1o-j+1--0-20'10-j+2--0-n710-n) Ap+1Um41,
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with conditions on u,,,; analogous to those of case (1), that is:

Um4+1 = 0j41--0d,0+42..04,04143--0d3--05+2..04,,

where d; < ds ... <d,and j+c>d.forl<c<z.

(3) ry— 1 > 2.

Say W = U10p4104,..02010p,..0pn-10p0p410,..02010p,..0p_10p,

Ap+1 «- 04,y 102010y, 1 .. Opn—10n0p41Um41-

We see that we have to choose ry and iy such that 7; < 9 < ry < r1. Hence, after a
finite number of steps, we will face one of the cases (1) or (2). Thus we have one of the
next forms:

(1) This is the case related to (1), i.e., we have:

W = U10n4+104,..020104,..0pn-10p0p4105..02010p5..0-10n0n41 ... O'Z‘p..0'20'10'rp..0'n_10'n

)mf(1+p)

(an+10j--0'20'10'j+1'-0-n710'n Ap1Um41-

Here i1 < iy ... < ip <1y <7y .. <71y <nandr,—1, >3 We have
necessarily p < n/2, while u,,;; is as in case (1).

(27) This case is related to (2), i.e., we have:

W = U10pn4+104,..02010p,;..0pn-10p0p41045..02010p,..05-10n0n41 ... 0i,--02010y,..0,-10p

)m—(p+2)

an+10'j..0'20'10'j+2..O'n_10'n(an+10'j+1..0'20'10'j+2..0'n_10'n Ap+1Um+1-

Here ©y < ip ... < ip <71p <719 .. <7 <nandr,—1, >4 We have
necessarily p < n/2, while u,,1 is as in case (2).

(3’) This case is related to some "short" elements (with respect to L):

suppose that we stopped picking pairs (i, 7) before having a difference of 1 or
2 between them, hence:
W = U10pn4104,..02010p,..0pn—-10p0p41045..02010p,..05-10n0n41 ... O'ip..O'QalO'rpan+1um+1,

with 43 < dg ... <4 <71p <712 ... <1 <nandr,—1, >3 We have
necessarily p < n/2.

63 sur 148



CHAPTER 3. COXETER GROUPS

In this case, the choice of u,,,; is much more complicated than in the other two cases.
It has the form:

01,--04,015-.0gy --. O1,..0¢g,,

where 1 <[y <lp.. <l; <n, 1< g1 < go.. < gs <mand gy <l forany 1 <k <n.
And in addition we have i, < [; and g, < r,.

Later on, We will be back to handle the possible forms of ;1.
O

Definition 3.4.12. In elements of type wy, the following element is called the short block:
Un4104,.-020 10, .0 p_10n0ny10iy-.02010ry..0n_10plnt] .. O3..02010r,..0p_10p.
We call (anHaj..agalajH..an_lan)m*(lﬂ’) the convergent block of w;.
We call a,y1tums1 the residue block of wy.

Hence we can write wy = uy. short block. convergent block. residue block. (We do

the same thing for elements of type wso, in which for example, the convergent block is

(pt2
(An410j41..0201012..07_10,)" " PF2) ).

Definition 3.4.13. An element of the last two types is to be called short, if and only if
its convergent block is equal to 1.

Remark 3.4.14. * It is easy to see that wy and ws could be unified in the following form:

W1 = U10p4104,..020104,..07n-1030p4104,..02010y4..0p—-10n0n41 ... O'ip..0'20'10'7~p..0'n_10'n

m— (1+L(the short block))
(an—Q—lO-j-'0_2010—j+1-'0_n—10—n>

Un4104..0410§41--0d304142--0d3 +-- Oiy42--0d_ .4,

where: i1 <y ... <ip <Tp<Ty.. <11 <N, T,—1 > 2, and p necessarily
lesser than n/2.

while i, < 7, ] +1<rp, di <dy .. <dsp1 and j+c>deyq for 0 <c < z.

Nevertheless, for the moment, we will go on keeping looking at them as two different
forms .
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We see that the set of short elements is of finite cardinal, because of the fact that the
affine length L of such elements is bounded. Special cases of the last lemma, which comes
from the 3 types above when w,,,; = 1, are included in the general formula.

Now we classify the elements of W¢(A,,) with n > 3.

Consider an arbitrary w in W¢(A,) with L(w) > 2, written as:

W = UAp1U20p4+1 - U Ap1Um1-

We start the classification, depending on the choice of u; which can have one, and
only one of the following forms:

(a
(b
(

) uy is full, with o, on the left.
)

¢) o, belongs to supp(u;) and oy does not.
)
)

uy is full, with o, on the left.

(d
(e

o1 belongs to supp(u;) and o, does not.

Uy = 1.
Suppose that we are in case (a).

We have uy; = 0,,0,_1 ... 02071. In this case there is only one choice for the full elements
w; with 2 < ¢ < m, which is to be equal to uj, hence w = (6,0,_1 ... 0201Gp 1) U1
Here 41 is either 1 or 0,,0,—1 ... 0;, thus we have two possible types:

1 = (0p0n_1 ... 0201Gp11)"0n0n_1 ... 04, for 1 <i <mn.

o = (030n_1 ... O2010541)".

Suppose that we are in case (b).

Set uy 1= 04,..00010,, ... On—10,To. 1t is clear that u;, for 2 < ¢, cannot be equal to
On ... 01, hence all the full elements u;, for 2 < i < m, have o,, on the right. Here we can
use the same discussion as in lemma.2.4.9. We arrive to the possible types, by replacing
u1a,+1 (in which w starts) by 1. Thus we have three possible types (modulo maybe a
shift of indexes to the left):

X3 = 04,..02010p,..0p,-1010n4+10i5..02010p5..0p_10,p0p41 ... Uip--UQUlarp--Un—lan

m—p
(an+10'j..0'20'10'j+1..0'n,10'n)

Un4+104..04,0541--0dy0j42..0dg +-- Oj4..0q, -
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Where iy <y ... <i,<7p<T9.. <71 <n,71,—17,>3and p<n/2.
With ¢, < jand j+1 <.

While dy < dy ... <d,y;and j+c>deyq for 0<ec<z.

Ty = 04,..02010p,..0p-10,0p4+105..02010p5..0p-10p0p41 ... O'ip..0'20'10',«p..0'n_10'n
m—(p+1
Up410..09010j19..05_10(Ap410j11..0901042..00—10y,) (p+1)
(p+10j41--0d,0542-.0d,0543-.0dg ++- Oj42..04,-
Where 1) <y ... <i,<7p<T9.. <71 <n,7,—17,>4and p<n/2.
With ¢, < jand j +2 <.

While d; <dy ... <d,andi;+c>d.forl<c<z.

Ty = 04,..02010p,..0p,-1010n4+105..02010p5..0p—10p0p+41 --. O'ip..O'QUlUTp
An4101,-.0g,01y..0gy .. O;..0g,.
Where i1 < iy ... <i,<1,<72.. <r;y<n,r,—i,>3andp<n/2
With1 <y <lh. <l <nand 1< g < ¢go.. < g <n.

While ¢, < 11, gt < 1p and g < i for any 1 <k < n.

Of course, we keep in mind the three special cases x4, (resp. 2/, and z%), which are
obtained from z3, (resp. z4 and x5) by replacing u,,+1 by 1.

Suppose that we are in case (c).

Here, u; can be written as uy; = 0p0p41..04_10,Yy, where 2 < h < n, y is in W(A4,_1)
and o1 ¢ supp(y). Hence, we can write w as follows:
W = Oh..0pQpi1U200n41 .- UpApy1Um1-

We see that uy (thus every w; with 2 <i < m+ 1) cannot start with o,. That means
each u;, with 2 < i < m, is a full element in which o, is on the left. By using the lemma
3.4.11 w is one of the three following elements:

Te = Oph..0n0n4104,..02010p,..0,-10,0p4105..02010y5..0p10p0p41 ... 0;,--02010y, ... Opn—10p
(an+1aj..02010j+1..Jn_lan)m_(Hp)

Up4105..04,0541-.0d,0542..0dg +.. Oj4z..0(_ ;-
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Where iy <ig ... <ip <71, <T9.. <711 <n,1,—1i,>3andp<n/2.
With i, <j,j+1<r,d <dy.. <d,ygand j+c>d.q for 0 <c < z.

While i1 < h, and if ry —i; > 1, then h < rq.

X7 = Oph..0p0pn4104,..02010p,..07,-10,0p4104,..0201014..0p-10p0p41 ... 0i,--02010y, ... Opn_10p

n4104,..020104,42..0p,—10p,
)mf(p+2)

(an+10j+1'-0'20'10'j+2--0'n710'n
Up4+10j41-.0d,0§42..0d,0§43-.0dg +++ Ojtz..04, .
Where i1 <ig ... <ip<71p,<r9.. <711 <n,1,—i,>4andp<n/2.
With 4, <1, 01 +2 <7y, dy <dy ... <d,and i3 +c>d.for1 <c<z.

While i1 < h, and if ry — 47 > 1 then h < ry.

T8 = Op..0pn0n4104,..02010p,..07,-10,0p4104,..0201044..0p—-10p0p41 ... O-ip”O-QO-lO-rp

Up4101,..0¢,015..0gy +.. 01,..0g,.

Here iy <ig ... <ip, <r,<rg.. <1 <mn,1,—1i,>3and p <n/2.
Where 1 <y <lp..<l;<nand 1< g < go.. < gy < n.
With g, <1 for any 1 <k <n, i, <l; and g < 7.

While i1 < h, and if 1 — i1 > 1 then h < rq.

As before we keep in mind the three special cases xy, (resp. % and x}), which are
obtained from zg, (resp. =7 and xg) by replacing u,,+1 by 1.

Suppose that we are in case (d).

Here, u; can be written o,0p_1..01y, where y is in W(A,,_1), with oy ¢ supp(y) and
1 < h <n-—1. Hence we can suppose that

W = Op..010n41U20n41 - UmAp41Um41-

Here, we have two main choices for u,. The first one is that o, is on the left, then w
has the following form:

X9 = 04..010p41(0n0n_1 ... 0201A541)" 0y ... 0;. Where 1 <h<n-—1,and 1 <i<n.
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The second choice is that u;, for 2 < i < n, has o, on the right. As above we have
three forms, namely:

L10 = Oh..010n4+104,..020104;..0,-10,0p41045..02010y4..0p10n0n41 ... O'ip..0'20'10'7»p e Op—_10p,
m—(14
(an+10'j..0'20'10'j+1..0'n710'n> (1+p)
Up4105..04,0541-.0d0j42-.0dg -+ Oj42-.0q, -
Where iy <y ... <ip,<71,<72.. <r;<nandr,—1i,>3andp<n/2
With 4, <1, 011 +1 <71, di <dy ... <d,y1andig+c>degyfor0<c<z.

While i1 < h, and if 1 —i; > 1, then h < rq.

L11 = Oh..0100n4+104,..02010p,..0,-10,0p4104,..02010y5..0p_10p0pn41 ... 04,--02010y, ... Op_10p

An4104,..020104,42..0p,-10n,
)mf(p+2)

(an+10'j+1..O'20'10'j+2..0'n,10'n
Ap+4+10j41.-04,0542..0d,0543..0dg ++- Ojtz..0(,.
Where iy < iy ... <ip<71p,<7T9.. <11 <n,r,—1i,>4andp<n/2.
With i, <1, 91 +2<rp, dy <dy ... <d,andt;+c>d.forl<c<z

While i1 < h, and if 1 — 7 > 1, then h < rq.

L12 = O0h..0100n4+104,..020104,..0,-10p0p41045..02010y4..0p10p0pn41 ... 0,--020107y,
Gp+4101,-.0¢41015..0gy «.. O1;..0g;-
Where iy <y ... <i, <7y <T9.. <71 <n,7,—14,>3and p<n/2.
With1 <ly <lh.. <l <nand 1< g < ¢go.. < g <M.
While g, < i, for any 1 <k <n, with i, <y, g <rpand i3 < h <7y.

Still, we keep in mind the three special cases xy, (resp. 2}, and ), which are ob-
tained from xg, (resp. x1p and x1;1) by replacing u,,+1 by 1.

Suppose that we are in case (e).

This case will be a particular case of the above cases. We use the following notation

in W(A,): oo = 0,21 = 1. With this notation we see that types z1,xs and xg could be
unified in one form, say c¢;.
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Moreover, x3 (resp. x4 and z5) can be unified in one form with zg (resp. z7 and zy),
when i, = 0.

Similarly, z3 (resp. x4 and x5) can be unified in one form with zqg (resp. x1; and z12),
when r{ = n + 1.

From what precedes, we formulate our classification by the following corollary.

Corollary 3.4.15. Let 3 < n. Let w be in W¢(A,), such that 2 < L(w). Then w has
one of the following forms:

1 =0 ... 0201(0p,0n_1 ... 02010n41)"0n0n_1 ... 0;
Where 1 <i<n+1and0 <5 <n.

Co = 04,..02010p,..0p10p0p4+1045..02010p5..0p—10p0p41 .. 0i,--02010y, ... Op_10n
m—
(A4p+104..09010j41..0,_10,) (p)

(p4105..0410541..04,0j42..043 ... O'j—&—zuo-d”l'

Where 0 < iy <y ... <ip, <1, <792.. <1 <n+1andr,—1i,>3.
With i, < j and j+1 <1,
While dy < ds ... <d,i1 and j+c¢ > deyq for0<c< z.

C3 = 04,..02010p,..0-10n0n4+10;5..02010p,..0n-10pn0p41 ... 04,--02010y, ... Op—10n

(p4105..02010542..0p,-10p,

m—(p+1
(an+10'j+1..O'20'10'j+2..0'n,10'n) ( )

Ap+4+10j41.--0d,0§42..0d,0543..0dg .. Oj4z..04,.

Where 0 < iy <t ... <ip<7p<r2.. <11 <n+1andr,—1i,>4.
With i, < j and j + 2 < rp.

While di < dsy ... <d, andii+c>d. forl1 <c<z.

Cq4 = 04,..02010y,..0p,-100n0n41043..02010p5..0p_10,0p41 ... O'ip..O'QO'lUTp

Up4101,..0¢,013..0gy +.. 0,..0¢,
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Where: 0 <y <ig ... <ip,<71p<7T2.. <11 <nandr,—1i,>3.
Withl1 <l <lp. <li<nandl < g <ga.. < g <.

While i, < 1, g: < 1p and g, <l for any 1 <k <n.

In all cases p is necessarily bounded by n/2 .
In order to get to the final form of our classification we shall do one more step,

explained in the following remark:

Remarks 3.4.16. We set 0, =1 when 0 >t ort > n+ 1. We can actually unify cases
c1, co and cg with the following formula:

0i,-.02010p,..0,-10p0n4+105..02010p,..0p—-10p0p41 ... 04,--02010y, ... Op_10n
K
(U,n+10'j..0'20'10'j+1..0'n_10'n)
Up4105..0410j41..04,0j42..043 ... O'j+z'-0'dz+1-
Where 0 < iy < ... <ip<rp<72.. <11 <n+1andr,—1i,>2.
With i, <j,3<r,—1,1 <nandl < K.
While dy < ds ... <d,i1 and j+c¢>desq for0<c<z.
Unifying ¢, (we mean the case k = 0) with the the last cases would give our general

formula a better shape, unfortunately the residue element can have more possibilities!

Moreover, we see that our formula expresses the elements of W¢(A,). With this last
remark, the proof of theorem 3.4.4 is officially done, after noticing that the way in which
we get the general form, ensures the uniqueness of this form.

3.5 More about the structure of B(An)

Now we consider the tower of affine braid groups:
B(Ay) 2 B(A) 25 .. B(An_1) I B(A,) &4

Where B(Ay) is the trivial group. Via F,, every B(A,_1) injects into B(A,) for 0 < n.
We are interested with viewing B(A,,) containing B(A,_;). The following computations
are done in view of understanding the tower of affine Temperley-Lieb algebras, which will
be treated in section 5.
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In what follows we show that a given fully commutative element in W (A,,) has a kind
of "canonical" form. We suppose that the affine length of this element is strictly greater
than 1. Since we use only braid relations, we can lift our element to the element in B(/fn)
which has the same expression (keeping the same symbols for the generators of the affine
braid group, and their images via the natural surjection onto affine Coxeter group).

Let 1 < n. Let w be in W¢(A,). The general form of w is

W = 0i,..02010p,..0,-10,0p41045..02010y5..05p-10p0n41 .. 04,--02010y, ... Op—10p

k;7
(An4104..09010j11..0,-105) "1,

where 0 <4y <ig ... <ip<rp<7r2.. <y <n+1landr,—1i,>2,
with i, < j,7 <7, —1,%4 <nand 0 <k,
while @ = a,410, with v fully commutative in W(A,).

We lift w,(resp. u and v) to w,(resp. uw and v) in B(A,), by corollary 3.1.5. Assume
that j < n, i.e., w is not of the form v(an+1an..0201)ku. We show that w has the form:

h(oy..01Gn11)™ 2, where z is in B(A,) and h is in B(A;,l).

We show as well that w has the form:

f(an..alanﬂ)man..ai, where 1 < i < n+1, m is a positive integer and f is in W(A,;_l).

Recall that ¢,0,_1..01a,.1 acts on the elements of B(A,:,l) exactly the way ¢!
does in B(B,). In order to simplify, we set ¢,' = 1. We write (0,..01ap11)%h =

Y4 [h] (0n..010,41)%, for any h in B(A,_;). The automorphism ¢ is of order n, of course,
d is to be taken modn. We keep in mind that a,.1a, = a,0, = 0pap11.

Lemma 3.5.1. Let y be 0;..0001041..0p-10p0n41 N B(/In) Let w = y* with 2 < j <
n—1and 2 < k. Suppose that k =m(n —j+ 1) +r where 0 <r <n—j+ 1. Then:

(1) If m = 0 we have:

.
W = (0;..0001041..0n-10p) 0pnOn_1..Opt1—r-
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(2) if 0 < m we have:

i=m—1

w = H P [(Uj..02010j+1..0n_1an)”_j0j..an_l] wm[(Jj..02010j+1..an_1an)r]
i=0

m
(O'no'nfl--O-ZUlanqu) OnOn—-1--On41—r-
Proof.

We have Yy 04..02010j41..09n-10nQn41 = 04..0201041..0p-1An0p.

2
Hence, y 0;j..09010j41..0p—10n0n05..02010j41..05_10p0n41

04..02010441..0n-10n0;..0201041..0n—-10n0n410n—1
2
(O'j..0'20'10'j+1..0'n,1an) OnOn—1.

can see that whenever 0 <r <n — j:

y" = (0;..09010j41..0p-10y)" 0,,0p_1..05, With s + 7 =n + 1. in particular:
Yy = (O-j..02010j+1..O-n_lan>n_j0-n0-n_1..0-j+1. Thus:
yn It (Jj..02010j+1..an_lan)”_janan_l..aj+1aj..02010j+1..0n_10nan+1
= (O'j..0'20'10'j+1..O'nflanylijO'nO'n,l..O'j+10'j..0'20'10'j+1..0'n,10'nan+1
= (aj..agalaﬂl..an_lan)"*jaj..Un_lanan_l..agalanH. We see that:

2n—j+1) _ .10 _g
Yy (n=j+1) — Y [(aj..02010j+1..0n_1an)” Jcrj..an_l}

! [(aj..02010j+1..Jn_lF(an))”_jUj..an_l] (OnOn_1..02010n41)>.

In the same way, for m > 0, considering the action of ¢,0,_1..0501a,4+1 on B(A,_1),
we see that:

i=m—1

ym i) — H E [(Uj..02010j+1..0n_1F(an))"_jaj..an_l] (OnOn_1.-0201a541)".
i=0
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Finally, let k =m(n —j+ 1) +r, where 0 <r <n — j+ 1. We have:
i=m—1 ) )
Yk = H P [(aj..02010j+1..an_lF(an))"*Jaj..an_l}
i=0

m I8
(OnOn—1..0901541)"(0}..02010j41..0n-10p) TpOp_1..0p+1—r. Thus,

i=m—1
Yk = H ) |:(O'j..0'20'10'j+1..O'n_lF(an))n_]O'j..O'n_l} YY" [(04..0001041..0,_10,)"]
i=0

m
(O'no'nfl--UZO-lan+1) OnOn—-1--On41—r-

In particular, for j = 1, i.e., w = (0102..0,a,4+1)", We have:
1=m—1
k i n—1 m r m
y* = H P [(01..0n_1an) 01..0,1_1} V" [(01..0p-10,)"] (On..010041) " 0n0n_1..0;.
i=0
Now we go back to the general form of w, that is:
w = 0i,..02010p,..0,-10,0p41045..02010y5..0p—-10p0n41 .. aip..agalarp e Op—10p,

k7
(An4104..09010j11..0,-105) "1,

where 0 <y <ip ... <ip<rp,<ry.. <ri<n+1landr,—1i,>2,
with i, < 7,7 <r,—1,%4 <nand 0 <Kk,

while 4 = a,410, with v fully commutative in W (A,,).

Then, W = 04..02010p,..0,-10p0n4104,..02010p,..0p—-10p,0p41 ... Uip--a2010rp vee Op—10n0n411

k
(O’j..0'20'10'j+1..O'n_la'nan_H) v,

with conditions similar to those above. In particular, v is fully commutative

in W(A,).
We see that r; < r; — i, but ry < n -+ 1. which gives: r; <n —1i+ 1 for all 1.
Here we treat two main cases:

e r; < n, that is 0,, belongs to the support of o;,..09010,,..0,_10,.
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e r; = n+1, that is o, belongs to the support of o;,..05010,,..0,_10,, (this case
covers the case where p = 0).

We start by the first case r; < n (we suppose that p > 0).

Set z := 0i,..02010p,..07,-10,0p4104,..0201045..0p—-10p0p41 ... O'ip..0'20'10'rp cee Op—10nQ0p41.

Thus, w = x(aj..02010j+1..an_lananﬂ)kv. Repeating the first step of lemma 2.5.1
(keeping in mind that r; < n — i), we see that:

L = 04..02010p,..0p-10n0;,..020104,..0n_10pn0p41 ... O'ip..CTQO'lO'Tp an_lananﬂan,(p,l)

= 04,..02010y,..0p-10p04,..02010p5..0p—10p, ... O'ip..O'QO'lUTp Un_lananﬂon_pan_(p_l).

After p steps we see that:
O-nflano-no-nfl--o-n—(p—l)-

X = 04..02010, ..O-nflano-lé..0-20-10-7-2..O’nflan..aip..O-QO-lo'rp

Now, we set € :=n — (p — 1). We show that € > j + 1 as follows.
We know that j+1 <7, but r, <n—p<n—(p—1). In other words:
j+1<r,<n—(p—1), thatis j+1<e

Set P :=04.02010p,..0,-10n0,..02010p,..0p_10p, ... 0i,--02010y, ... Op—10np. ThUS,

w = panan,l..ae(oj..02010j+1..an,lananﬂ)kv, with p € B(A,:,l) and € > 7+ 1.

Now we have w = po,0,_1..0.y*v. Every y acts on o, in the following way: oy =
yo;_1, for e <i < mn, since 7+ 1 < € and hence j + 1 < ¢.

If k =0, the job is done (this case is included in the general form).

Let 1 < k. We have two main cases:

(1) 1<k<e—(j+1).
(2) e-=(G+1) <k
We start by (1). Set e := € — k. We have:

Unan_l..aeyk = yk05+(n_6)06+(n_6)_1..ae. That is,

k_ .k
OnOn—1--0¢Y =Y Opn—kOn—1—k--Oc—k-
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Wehave k <e—(j+1)=n—(p—1)—(j+1)=n—j—p<n—j. Thus, in the
terms of lemma 3.5.1, we are in case (1), (even with the same y). That is:

k k
Y = (04..0001041..0,-10y)" 0p0p_1..0n11—k-

k
Thus w = p(0..0201041..0p-10p) 0pOp—1..0n—1—kOn—kOn—1—k--Te—V

which is basically the case m = 0.
Case (2), where e — (j + 1) < k.
We see that for k =€ — (j + 1), we have:

anan_l..aeyk = ykan_ka(n_k)_l..ajH. In other terms:

OnOp_1..0(y) Ut = (y)e_(j+1)aj+paj+p_1..aj+1.

That is O'nO'nfl..O'eyk = O-no-nfl--O’Gyei(j+1)yk7(67(j+l))

Now,e—(j+1)=n—(p—1)—(j+1)=n—j—p<n—j. Here, we can apply
lemma 3.5.1 (again we are in the first case). Precisely :

(y)e_(jJ’l) = (aj..agcrlajH..an_lan)g_(jﬂ)anan_l..Unﬂ,(e,(jﬂ))

= (O'j..0'20'10'j+1..Un_l(ln)g_(j—’_l)O'nOn_l..O'j+p+1.
Set h:=k—(e—(j+1)). We get:

ko e—(j+1 h—1
OnOn_1..0Y" = (0..09010j11..0n_10y,) ( )Jnan_l..Uj+p+1aj+p..aj+1yy )

1

h—1 h—
But, 0,01,-1..0j4p+10j4p..0j119Y" = 04..0j4104..0201041..0pn0n 1Y ",

Y

which is equal to 0,0,-1..010j41..0,_10, anHyh’1
~—_— —

s h—1
Which is  0j..0,-900-1040n—1..01an11Y" .
| —

Now set 1 := po;..0n_20,-1 € B(Ag,l). We get w = 10,0p_1..010n41y" 0.
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(a) If h —1 <n — j, we see that:

h—1
W= N0pOp_1..010n41(05..09010541..0n-10y)" " OpOp_1..0n41—(h—1)V

h—1
= |:(0-j..0-20-10'j+1..0-n_1an) } On0n—1--010n41000p—1--Opt1—(h—1)0-

(b) If n —j < h — 1, we see that:

i=m—1

o 7 n—j
W ="1N0p0p_-1--010n41 H ’lﬂ [(O'j..O'QO'IO'jJrl..O'n,lCLn) ]O-j--o-nfl}
=0

wm [(O—j.-o—zalo—j+1 ..On,lan)r] (Un(fnfl..O'QUlCanrl)mOnUn,l..O'n+1,ﬂ].

i=m

Thus, w =7 H Yt [(aj..02010j+1..Jn_lan)”*jaj..an_l} ™t [(0j..0901041..00_1a,)"| v
m=1

(O-no'nfl-'UZUlanJrl)erlO'nO'nfl-'O'nJrlfrva
where h—1=m(n—j+1)+r, with0<r<n-—j+1
So in this case (namely, r; < n), we see that w is written as

k
A(OnOn_1..01Gp41)"0pn0p_1..0,

where c is in B(A,:_l), 1<i<n+land0<k.

Now, we deal with the second main case: r; = n + 1. Here o,, is not in the support
of 04,..09010,,..0,_10, (which is equal in this case to o;,..0901). Hence, we can suppose
that the element in question is of the form o;,..0001a, 1w, where 0 < ry < r;. Here we
have rq < n, since o = n is the case of positive powers of ¢,..0101a,,1. Moreover, when
ro = 0, then the element in question is of the form a,_ w, which is the case p = 0. As a
consequence of this discussion we get the following corollary.

Corollary 3.5.2. Let w be fully commutative in W(A,), where 2 < n. Let w be the

corresponding element in B(A,), as above. Then w can be written in one and only one
of the following two forms:

k
C(UnO'nfl..O'landH) v,
k
0T Ciy..09010n11C(000p—1..01Gp11)" V.

Here, ¢ is in B(A,_1), while v is in B(A,).
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Moreover, w can be written in one, and only one of the following two forms (deduced
from the above two forms, considering the left classes of W(A,—1) in W(A,)):

k
d(0p0n—1..010p41)"0n0n_1..0;,

7 k
Or Oiy..09010n 1 1d(00n_1..010p41) 0pn0Op_1..0;.

Here d is in W(A;_l), where 1 <1 <n, with0<ro<n-—1and 0 <k.

3.6 Bibliographical remarks and problems

We followed [Bou81] and [Lus99] in the definitions and results of 3.1.

In fact, the problem of passing from a semi-direct product presentation of a given
element to a reduced expression still stands! An algorithm solving the problem would be
of a great use, on the way of a better understanding of the group W(A,).

In theorem 3.4.2, we give a normal form for fully commutative elements, which is basi-
cally, depending on viewing any of such elements as a product of blocks of non-commuting
generators, the expression is reduced, hence, for any given element w, we can deduce, from
its normal form, the set .Z(w) directly. We recall in [FG99], the left decomposition:

We set P = {U CT} U {0}, where U consists of non-adjacent vertices. Let
i(U) be the product of the elements of U. It is well defined, for these elements
commute to each other other. If w is any element in W¢(A,), then w can
be uniquely written as w = i(Gy)...i(G,) being a reduced expression. Where

We see that this decomposition presents w as a product of blocks of commuting gener-
ators. Nevertheless, it does not give a explicit expression of w. In this paper, the authors
made use of the theory of cells to show the faithfulness of the diagrammatic presentation
of affine T-L algebra. Many of these results, such as the property R, could be shown using
our normal form. An interesting attempt, would be to pass from the decomposition of
elements (such as M; and M;) to the normal form given in this work. We are confident
that many interesting results would follow from a bridge between this paper and our nor-
mal form.

In remark 3.4.14, we distinguished between w; and ws, actually in our work we did

not make any difference, but, some times we distinguish between the two cases: even and
odd n, we have as example [FG99], in particular, when classifying the two-sided cells.
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CHAPTER With a decent blade, a brown ..morphism

4
I Iwahori-Hecke Algebras and
Markov traces

Let K be a integral domain of characteristic 0. In what follows ¢s, @, ¢, ¢ and ¢” are
invertible elements. In some subsection K is to be considered a field, it will be announced
once needed, or direct from the contest.

Let (W,S) be a Coxeter system. The Hecke algebra is a deformation of the group
algebra K [W], coming from the theory of representations of finite groups of Lie type, and
many other branches of mathematics. The Hecke algebras has many definitions. We will
give a definition coming from Coxeter systems, then we will view the Hecke algebra as a
quotient of the braid groups algebra.

Finite dimensional Hecke algebras, i.e., Hecke algebras related to spherical types of
Coxeter systems, are to be defined first, we mention some facts and results about these
algebras and their Markov traces without proofs. We will then, focus on the A-type Hecke
algebras, and put them of a tower of algebras.

After fixing (W, S), we consider K and g¢; for s € S as above, such that ¢. = ¢
whenever ¢ and r are conjugate in .

Definition 4.0.1. We define the Twahori-Hecke algebra of (W, S) over K with parameters
qs (denoted by H(W, S, (qs)), or simply H(W)) as the algebra with unit, over K, generated
by the set {gs : s € S}, with the following defining relations:

o T1(ge g0 : mat) = T1(gus g : ) for any non-equal s,t in S with m, # oc.
o g2 =(qs — 1)gs + qs1 for any s in S.
Let gu = Gs,0sy--Gs,,» Where w = $159..5,, be a reduced expression in (W, S). Then
by theorem 3.1.4 g, is well defined, i.e., g, is independent of the choice of the reduced

expression of w. Notice that specializing the parameters g, to 1, gives the group algebra
K[W].
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Theorem 4.0.2. [Bou81]. Let H(W') be the Hecke algebra associated to a Coxeter sys-
tem (W, S). Let I CS. Then:

o {gu;we W} is a K-basis of HW).
o Foru,vinW and s in S we have:
GuGw = Guv when l(uv) = l(u) + 1(v),
gugs = (qs — 1)ey + qsgus when l(us) = l(u) — 1.

o The K-sub-vector space of H(W), spanned by (gw)wew,, i a subalgebra of
H(W). this subalgebra is isomorphic to H(W7). This isomorphism is compat-
tble with embedding of Wi in W. We call such subalgebra a parabolic subalgebra

of HW).

Remark 4.0.3. In what follows, suppose that A is an algebra, suppose that x is in A.
We mean by the ideal generated by x: the two-sided ideal generated by x, we denote it
(x) ,, or (x), if there is no ambiguity. While we denote (x)%° the subalgebra generated by
x.

4.1 The A-type Hecke algebra

Consider the group algebra K[B(A,)]. Here, we take K = Q[g*']. We consider the
ideal I,,, generated by the elements Z; := 0 — (¢ — 1)o; — ¢, for 1 < i < n. Notice that
for some 1 < j <n — 1 we have:

1 -1 _ 2 P R
00511207105 = 0;0511(05 — (¢ — 1)oj — q)o;,,0;, this is equal to

2 -1 -1 1 _—1 1
0j0j41070;0,0; — (¢ — 1)00541050;,0; " — g, which is equal to

0%y~ (g = Doy —
In other terms, the Z; are conjugate, thus I, = (67 — (¢ — 1)oy — 9 K(BAL)] -

We can view H,(q) as the quotient K[B(A,)]/I,. Via the natural surjection, we set
Js; to be the image of o; for 1 < i < n. {g,;w € W(A,)} forms a K-basis of H,(q).
Moreover, theorem 3.0.2 ensures that the tower of groups (assuming that W(Ag) = 1):

W(Ay) C W(Ay).. C W(A,—1) C W(A,).. induces the following tower of algebras
Hy(q) C Hi(q) .. C Haa(q) C Hu(g)-.
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Obviously Hy(¢) = K. On the other hand the injection z,, of B(A,_1) in B(A,)
becomes by linearity, an injection of K[B(A,_1)] in K[B(A,)], which obviously, gives the
following injection (we keep the same notation z,,):

o Hy1(q) — Ha(q)
Jo; — go, for 1 <@ <n —1.

Moreover, x,(gw) = g for any w in W(A,,_1). The multiplication is given as follows
(for any w and v in W(A4,,), and 1 <i <n):

GuGw = Guv when Z(UU) = l(U) + Z(U),
9ulo; = (¢ — 1)gu + q9uo; when l(uo;) = l(u) — 1.
1—g¢

Any element of this basis is invertible, since the generators are; g;il = % Yo + =

4.1.1 Basis

Let H,(q) be as above. In this subsection, we take K = Q[¢'*!, ¢"*']. Now, we have
the K-basis {g,;w € W(A,)}. In a given representation of H,(q), each generator has ¢
and 1 as eigenvalues. Now we change the generators, so that each one has two eigenvalues.
Suppose that ¢ is written in K as ¢ = —g—/l,, then, we set T,, := —¢"¢g,, for 1 < i < n.

Hence, T, = (—¢")"")g,. We see directly that the set {T,;w € W(A,)} is a K-basis of
H,(q). Weset S :=¢ +¢" and P := ¢'q", we find the multiplication law of the new basis
takes the form:

T,T, = Ty, when [(wv) = l(w) + 1(v).
1,17, = ST, — PT,,, when [(wo;) = l(w) — 1.

for any for w,v in W(A,,) and s in {0y, ..,0,} .More, Tofil = %(S —T,.).

Call ], the surjection above, that is 7], : K[B(A,)] — H,(¢). It sends o; to g,,,
hence to —%T ;- We consider m,, the surjective from K[B(A,)] onto H,(q), which sends
o; to Ty,.

4.1.2 Markov trace

The following lemma is used in the construction of Markov trace (see [Jon87]):

Lemma 4.1.1. The linear application

H,(q) ® Hn(q) ®H,—1(q) H,(q) — Hny1(q)
a+b®cr—— a+ bl c,

is an H,(q)-module-H,(q) isomorphism.
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The following theorem is due to Jones. We give it slightly different from which appears
in literature, for example [GP05]:

Theorem 4.1.2. Under the above notations, we have:

o There exists a unique collection of traces T, Ta..Tp..., such that:

(1) Tpy1: Hn(q) — K is a trace Y0 < n.
(2) (1) =1.
(3) Tup1(RTEY) = 70(R), for any h in H,_1(q).

o Forl<mn, every 1,41 : Hy(q) — K is given by

P+1
Toni1(a + 0T, c) = +

To(a) + 7, (be).

o The values of every 1,.1 are Laurent polynomials in S and P.

Definition 4.1.3. The above collection (7;)1<;, is called a Markov trace over the tower
of Hecke algebras. The element T, of the collection, is to be called the n-th Markov trace.

Remark 4.1.4. For h in H,_1(q), we see that:
ot (90.) = ot (W) = ().

While, 7,.+1(hg,!) = ;Tnﬂ(hggn) + qqrnﬂ(h)

1 1—q\ P+1
= @Tnﬂ(hnn) + (qq) (~5—)mh)

B et Sl AVE
- | (]

_ (—(Q’q”+ 1)>rn(h).

ql

Hence, T,11 (hgon) = ;ﬂlTn (h), and

Tn+1(hg;nl) = — q"Tn(h).
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In fact we could define Markov trace as above, but with replacing the condition (3) :
Totl (hTi}) =T, (h), for any h in H,_1(q), by the condition (3°) : Tpi1 (hggn) = ;—,}Tn (h)
and Tn+1(hg;n1) = —¢"1, (h)! Often in the literature (T,)1<n, is defined with the condition
Trtl (hgif) =T, (h) This should not confuse the reader, since, in this, case " is implic-
itly equal to -1! hence, (3) and (3°) become the same statement.

We should here notice that in the case where ¢" is specialized to -1, some authors
prefer to write this condition as Tn+1(hgan) =T, (h), i.e., prefer to omit the condition

Trtl (hg;}) =T, (h) One should not think of this condition as a result of T,41 (hggn) =

Tn (h), implicitly it exists and it is independent, so that the trace would be unique.

Set H(q) := Up<; Hi(q). Now define and 7 : H(q) — K by:

T(x) = (P);_l)nmﬂ(x), for any x € H,(q) with 0 <n.

We can see directly that:

(1) 7 is a trace function.
(2) (1) = 1.
(3) 7(hT,,) = (E£4) 77 (h) for n > 1 and h € H,(q).

And vice-versa, suppose that we have some z in K, there exists 7 : H(q) — K such
that
(1) 7 is a trace function.
(1) 7(1) = 1.
(1) 7(hT,,) = z7(h) for n > 1 and h € H,(q).

Now this trace is uniquely determined by z. It is to be referred to, in the literature,
as Markov-Ocneanu trace with parameter z. We consider the collection (7;);<;, which is
to be defined inductively by restricting 7 on the tower of algebras, after specializing z to
be (E£)71. Namely we define (for all 0 < n) the functions 7,11 (z) = (54)"7(z) for any
x € H,(¢). By induction over n, we see that the collection (7;)1<; is a Markov trace.

We have:
K[B(A,)] = H,(¢) ™8 K forall 0 < n
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Which gives a knot invariant for every specialization of ¢’ and ¢”, in such way that
P and S are invertible [GP05]. We get Alexander polynomial A;, which is a Laurent
polynomial in one variable t%, by setting ¢’ = t2 and q" = —t3.

Jones polynomial is obtained by setting ¢’ = t2 and q" = —13.

4.2 The B-type Hecke algebra

In this section we take K = Q[¢*!, Q*']. We define a Markov trace of type B (say
B-Markov trace). We give some well known results about this trace, and its relation with
the Markov trace, just defined in the last subsection.

4.2.1 H,(q) as a sub-algebra of HB,(q)

Lets consider the group algebra K[B(B,1)]. Let ¢,Q be in K. Let IB,, be the ideal
generated by the set {0? — (¢ — 1)o; — ¢, 1> — (Q — 1)t — Q; 1<i<n}. We have seen
that the elements 0? — (¢ — 1)o; — ¢ are conjugate in B(A,) for 1 < i < n, hence in
B(By+1), thus, we can say that IB, = (02 — (¢ — 1)oy — ¢, t* — (Q — 1)t — Q) K(B(Bus)) -

We view the B-type Hecke algebra HB,1(q, Q) as the quotient K[B(By+1)]/IBy.
We set g,, to be the image of o; via the natural surjection, and g, to be the image
of t (we are just about to see, why it is legitimate to choose such symbols for the im-
ages). HB,1(q, Q) is presented by a set {g:, g,,; 1 <1i < n} with the following relations:

® 95,90, = Jo,90,, Where 1 < i, j <n for |i —j| > 2.
® 90,90:1190; = Yois190:90,4r> for 1 <i<n—1.

® 90,9t = GiYo,, for 2<i < n

® 9519t9519t = 9t9519tYos -

* g5, = (0 1)go, +a.

° g =(Q—1)g +Q.

The B-type Coxeter group with n + 1 generators W (B,.1), indexes a K-basis of
HB,11(q, Q). Moreover, if we set W(B;) = B(B;) = 1, we get the following tower:

W(B,) < W(By) ..cCc W(MB,) <c W(B,1) C .. which asabove induces
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The fact that W(A,) is a parabolic subgroup of W(B,;1) gives that H,(q) is a
parabolic subalgebra of HB,,1(q). We keep the same notation of 2.4.4, that is:

Zp Hn(Q) — HBnJrl((D
Moreover, we can "shift" the K-basis, as we have done above. That is by setting

Ty, := —q"go, for 1 <i <n, and T} := g;. Hence we can present H B, 1(q) by the set of
generators {1}, T,,; 1 < i < n} with the following relations:

o 1, T, =1,1T,, where 1 <i,j <n for |i —j| > 2.

o 1,1, . 1, =1, T,T,,  forl<i<n-—1
o T, T, =T,T,, for 2 <i <n.

TalT‘tTalﬂ = ETathTol-
T2 = ST, — P.
7 =Q-1DT, +Q.

4.2.2 B-Markov trace
We set HB(q, Q) := Ui<;HB;(q,Q). Let z,y be in K. We set

T, =1,T, ,.T, T, "..T, " T,' € W(B,1).

j—1" Oj—1"0j

Where 0 < j <nand Ty =t.

Theorem 4.2.1. [GL97] Consider the above notations. Let z,y; be in K, for 1 < j.
There exists a unique trace 78 : HB(q, Q) — such that:

(1) 78(1) = 1.
(2) 7B(he,,) = z7B(h) forn > 1 and h € HB,(q, Q).
(3) TB(Ty) = y; for for 1 < k.
The restriction of 78 to H(q) (seen as a subalgebra of HB(q, Q)), is Markov trace on
H(q), moreover, it is the Markov trace with the very same parameter z, hence, uniquely

determined. Notice that a Markov trace on HB(q, Q) defines by restriction a collection
of traces over H B, (q, Q) satisfying conditions, similar to those in type A.

)
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4.3 Hyl(q)

In this section we recall the formal definitions of the extended affine Hecke algebra
and the non-extended affine Hecke algebra, we list some facts about the K-basis, we show
that the A-type affine Hecke algebra with n generators injects into the A-type affine Hecke
algebra with n + 1 generators. Then, we explain the surjection of the A-type affine Hecke
algebra with n + 1 generators onto the A-type Hecke algebra with n generators, which
comes from the surjection 3, in 2.4.2. Until the end of this section ¢ is an indeterminate
over K.

4.3.1 Extended / Non-extended affine Hecke algebra

Consider K[B(By+1)], recall that B(B,,41) is generated by S’, with the relations in
Proposition 2.3.2, where S’ = {01, 09..0,, Gni1, Pni1}- Let I/ be the ideal generated by
the elements 07 — (¢ — 1)0; — ¢, for 1 <i < n, and a2, — (¢ — 1)a,41 — ¢, which are, as
we have shown above, conjugate. The extended affine Hecke algebra associated H,11(q),
is by definition, the quotient K[B(B,11)|/I},. We set g,, ., (resp. g5, for 1 <i < n) the
image of a,,1 (resp. o; for 1 <14 < n), under the natural surjection. While the image of
®ni1 is to be denoted by ¢, 1. With ¢,11 acting on the generators by shifting, we can
see directly that:

al

-7 . g
Hy(q) = <gan+1,gm; 1<i < n>ﬁn+l 0® (Dnt 1)1 (0) -

We are concerned with the non-extended affine Hecke algebra, from now on, we call
al
it the affine Hecke algebra, this is <ga 0 1 <0 < n>fg
- T \Jaman Jos Fosila)_
of H,y1(q). We denote it by H,y1(g). In details, if we set W(Ap) = 1. We see that
for 0 < n, the affine Hecke algebra H, 1(q) is a K-vector space with a K-basis indexed
by the elements of W (A,), namely {gw; w E W(fin)} For w,v in W(A,) and s in
{01, ..,0n, Gns1}, the multiplication is given by:

, seen as a subalgebra

Gwlo = Juo, whenever [(wv) = I(w) + [(v).
9sGw = (q - 1)911} + qgsw, Whenever l(sw) = l<w) — 1.

4.3.2 H,(q) injects into H,.1(q)

Our aim in this subsection is to show that F;, from H,(q) to i[;nﬂ(q), is an injection.
Let 2 < n. We start by the injection F) : K[B(A,—1)] — K[B(A,)] given by:

oo forl <i<n-—1,

-1
Qp, = OpQn 10, .
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Which is induced -by linearity- by the injection F, of B(A,_;) into B(A,) in 2.4.4.
F) gives obviously, the next homomorphism of algebras (we call it F}, also):
F, : ﬁn(q) — ﬁnﬂ(q) given by
ti— g forl <i<n-—1
ta, — gnganﬂg;l-

Where t,, (resp. t,, for 1 <i<mn —~1) is the image of a, (resp. o; for 1 <i<n-—1),
under the natural surjection of K[B(A,_1)] onto H,(q).

And g,,,, (resp. go, for 1 < i < n) is the image of a, (resp. o; for 1 <i < n —1),
under the natural surjection of K[B(A,)] onto H,1(q).

In order to simplify, we set F' = F,, until the end of this section.

We consider the injection:

I:W(A,_1) — W(A,) given by
oi—o;forl<i<n-—1
Ay — Tplps10y.

Which gives, by linearity, the following algebra monomorphism (keeping the same
notation for the two monomorphisms):

I:K[W(A, 1) — K[W(A,)] given by
o— o forl<i<n-—1

Qp — OpGpt10p.

Now, we get the next diagram:

H,(q) > Hopa(q)
y JM
KW (47 1)) s KIW(A)

Figure 4.1: DM
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Where M,, and M, are the maps coming from specializing ¢ to 1.

Lemma 4.3.1. Let w be any element in W(A,_1). Then:

IEW(An)

Where A and X\, are polynomials in q and ¢~* over Q with A(1) = 1.

Proof. Suppose l(w) =1, if w is in {07, 09,...0,-1}, then:
F(ty) =F(t;) =g for 1 <i<n-—1.

41 l—g¢q
MOI’GOVGI“, F(tw) = gongan.Hggnl = ggongan.ugan + —

ggngan+1 :

Now take w, with 2 < [(w), suppose that statement is true for any word of length h
where h < l(w). Again, if w € W(A,—1), then F(t,) = g, keeping in mind that in this
case I(w) = w, hence, our statement in true in this case. Suppose that a, appears in one
(hence every) reduced expression of w, then w could be written w = ua,v where v is a
word in oy, 09, ...0,_1, and such that l(w) = [(u) + [(v) + 1.

F(ty) = F(tu)F(ta,)F(ty) = F(tu)gonganﬂg;}gv-
By the induction hypothesis, since [(u) < k — 1, we can write F'(t,) as follows:

F(t.) = Agrw) + (g —1) Z [ty gy. Hence,

yeW(An)
1
F(ty) =~ (Agf(u) +(g—1) Z Mygan+1>gan9an+1gongv+
9 yeW (4,)

(¢—1) Q<Aguu> +(@-1) > uygy) 9onJans1 9o -
)

yEW(A,;, 1

By expanding we see that all the terms have the form (¢—1)p,g, where as said before,

ty is in Q[g, ¢ '] and y is in W(A,,), hence,

1
F(t,) = gAgI(u)gongaanongv +(g—1) Z HyGy-
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Now, 91w 9o, = (¢ — 1)91(u) + 991(u)o, - Hence,

91(w)9onY9an+1 = (q - 1>gl(u)gan+1 + q91(uw)on Jant1
= (q - ]‘)gl(u)garH—l + q((Q - l)gI(u)an + qg[(u)onan+1>
=(q— 1)(91(u)gan+1 + qg[(u)on> + G I1(u)onan1-

Hence, 9i(w)9onY9ans190, = (C] - 1)<gl(u)gan+1 + qg[(u)an)gan + q2gI(U)aonan+1gan'

But ngl(“)o—("na’rﬂrlgn = q2(q - 1)gl(u)0nan+1 + q3g1(u)‘7nan+10n‘

Thus,

91w InGansrn = (@ — 1) (91(u)Gan1Gn + Q910 TnGn + € G1(wonanss) T8 91 (w)onansron-
F

But7 we have q3gl(u)anan+1an - qsgl(u)I(an) - q3gl(uan)-

Now, we have F(t,) = 1/qA((¢ = V)E + ¢’ 9ruan)) 9o + (@ — 1) > 11,94

yEW(An)
Which is equal to:

ngI(u)angv +(¢g—1) Z fege- Since and for [(w) = l(u) + l(a,) + [(v).
zeW (Ay)

We see that F(t,) = A'grw) + (¢ — 1) Z Ao G-

Where A’ is to be ¢?A, our statement is proved to be true.

O
Corollary 4.3.2. The diagram DM is commutative.
Proof. The diagram commutes, if and only if, for each w in W (A, ), we have:
I(My(tw)) = Moy (F(tw)).
(4.1)
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Now I(Mn(tw)) = I(w), while, by lemma 4.3.1, we see that M, 1(F(t,)) is equal to:
Mn+1(A/gI(w) + (q - 1) Z /\:vg:c> = A,<1)Mn+1(gl(w))'
zeW (4y)

Finally, we get:

O

Proposition 4.3.3. * The following homomorphism of algebras is a monomorphism:
F: Hy(q) — Hna(q)
ti—g; for1 <i<n-—1

ta«n = gngan+1g;1_

Proof. We will make use of the fact that the diagram DM commutes, now, H, (q) surjects
onto Im(F) by definition, we prove that the images of the basis of H,(q) are linearly
independent in H,,.1(q).

Suppose that the statement is not true, i.e., suppose that there exist polynomials in

Qlg,q¢7'], such as A, which are not all zero, with > ANF(tw) =0.
weW (An_1)

Now for each w, we write F(t,) expressed by the elements of the basis of H,(q):

F(ty) = Z fy G- Thus My 1 (F(ty)) = Xy (1)v.
UGW(An) veEW (Ay)

But, since the diagram commutes, we have:

Mn+1<F(tw)) = I(Mn+1(tw)) = I(w).

Now, > AF(t,) =0.

wEW (An_1)

We apply M, to get:
> A I(w) =1 > Ap(Dw)=0,thus ¥ A (Hw=0.

weW (An-1) WEW (An_1) WEW (An_1)

Which implies that A\, (1) = 0, for every w.
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This last fact means that the polynomial (¢ — 1) divides every A, so every A, can
be written as a product of (1 — ¢)" (for some positive r) by a polynomial which does
not vanish for ¢ = 1, we can choose the \,, with » minimum. factorizing by (1 —¢)" in

> Aw(l)w =0, we can find, at least, a non zero polynomial still verifying the last
wEW (An_1)
quality, which contradicts the fact that the elements of the group are linearly independent
in the group algebra, so the hypothesis in not valid and F' is injection.

]

Remark 4.3.4. After showing that F, is injective, we can denote the generators of f{\n(q)
bY Gors s Gou_1sa, and the generators of Hyui1(q) bY Goyy ey Gon> Jansy» hence Iy, takes
the form:

Fy E\N(Q) — ﬁn-&—l(Q)
Go; — Go, for1 <1 <n—1

—1
Yan Y= 9on9an1195, -

4.3.3 H, .(q) surjects onto H,(q)

Let K be a field, recall the injection:
Fr s Hy(q) — Hnia(q)
Jo; — go, for 1 <i<n—1
Gan = GouGans1 9o -
We consider the element g,,0,..0, — Jani101...0n_1 i Hpn1(q), forn > 2, (for n = 2 it is
to be gy, — Gay )- Wiset N, = <gam...an - gan+1al..,an,1>ﬁn+l(q) -
by this element in H,1(q). Let M, be the quotient by this ideal, i.e., M,, := H,,+1(q)/N,.

, that is the ideal generated

Keeping the same notations for the generators of H,(q)(resp. Hyny1(q)) and the images
under the natural surjection in M,,_; (resp. M, ), we claim that F}, induces an algebra
homomorphism m:

m : M,_, — M, given by:
Jo; — go, for 1 <i<n—1

-1
Ya,, ? 9onYar4190,, -

Remark 4.3.5. We will see in what follows that m is injective, that is why it is legitimate
to keep the same symbols for the generators.
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To make sure that m is indeed a homomorphism, we are reduced to show that:

M(Gorog..0n_1 — Ganor..on_) = 0, which can be done as follows:

_ -1 L3
m(galcfz---anﬂ - ganm---onfz) = Yo109...0n-1 — Yon,Y9a,11Y95, 9o1...00n_2" Which is:

-1 _ —1 -1 -1
Yoi0s..on—1 — Yonanii01..0n2Y95, = Yoi0z..0n-1 — YonYor.0n-1900n90,_1 9o, Go1..0n 295, -

—1 -1 __ -1 -1

NOW7 90'10'2“4777,71 - gdno'lna'nflﬂngan,lgol - 90'10'2-“0'7171 - gUl" gUnO'nflUn go'nflgdn .
—_——
Jop—10nopn_1

Hence, it is equal t0 Goy09..001 — Gor09..00_1 = 0.

So, m is compatible with the injection F,,. We have the following map:

T/ : HTL(Q) — Mn
Jo, — go, for 1 <4 <,

which is obviously a homomorphism. Moreover, it is surjective, since g,,., could be
considered as (o, --Gon_19on Gy --Goi)- S0 M, is linearly finitely generated, with:

dim(M,) < dim(H,(q)).
Now let r be the map:

r: M, — H,(q)

o, — Go; for 1 <0< n

—1 —1
gan+1 go'l"go'n_1go'ngo'n_1"ga'1 *

This map is an algebra homomorphism if the following statements are true:

L. 90,7(ans1) = 7(Gans1)Go, When 2 < <n — 1.
2. 917 (Gans1) 901 = 7(Gans1) 91T (Gansn)-

3. YouT(Yani1)90n = T(Gans1) 907 (Ganss)-

4 (r(Gans:))® = (@ = Dr(gans) + -
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These relations can easily shown to be true, by direct computation, so we have an
algebra isomorphism M,,—— H,(q). That gives rise to a new point of view of H,.1(q),
that is:

—

Hn-l-l(Q) = Hn(Q) ® Np.

Now, notice that 0105...0,,—ap4101...0,—1 in K[B(A,)] is sent t0 g, Yoy ---Gon —Gan 11901 --Gon_1»
in ﬁnﬂ(q) by the natural surjection. We set N to be the ideal generated by oy05...0,, —
Up4101...0n—1 in K[B (An)] We see that Hecke quadratic relations are respected by the
surjection of K[B(A,)] onto K[B(A,)], in other terms we have:

K[B(A,)] = KI[B(A,))] © N,
Hoi(g) = Hug) @ N,

4.4 Bibliographical remarks and problems

In the proof of proposition 4.3.3, the idea of making use of the fact that the diagram
DM is commutative, is due to a discussion with F. Digne and J. Michel. Obviously,
H,_1(q) is not parabolic in H,(¢) and both are of infinite dimensions, hence, we do not
have the tools of the classical theory. For instance, those tools (in particular, irreducible
characters of Hecke algebras and elements of minimal length in the conjugacy classes) were
the keys of the classification of all traces over different Hecke algebras of spherical type,
in [GP93], of Geck and Pfeiffer. Ten years later, in in [GL97], Geck and Lambropoulou
parametrized all Markov traces (among those of the classification of [GP93]), that is the
B-Markov trace of theorem 4.2.1.

It is well known that Hecke algebra associated to some spherical Coxeter group is
isomorphic to the group algebra of this Coxeter group, when the ground field K is al-
gebraically closed (Tit’s deformation, [Bou81]). "Generic" cases were treated by Lusztig
and Geck (equal and nonequal parameters) [Gecll].

Unfortunately, we are far from finding an affine version of this isomorphism, i.e., an

isomorphism between H,,1(q) and K[W(A,)], at least, not by using the classical theory,
the problem still stands.
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Elle a dit : il s’agit d’une tour, une énorme tour.

C HAPTER Trés bien ... f'arrive, ai-je répondu.

5]
I Temperley-Lieb algebras

Let (W, S) be a Coxeter system, let H (W) be the associated Hecke algebra. let J(W)
be the ideal of H (W) generated by the elements 3°,¢ s+ 9w, Where (s,t) runs over all pairs

of elements of S that correspond to adjacent nods in I (the Dynkin graph associated to
(W, S)) such that m,; < oco.

Definition 5.0.1. * The generalized Temperley-Lieb algebra T L(W) is the quotient
HW)/J(W). We denote the natural surjection 6 : H(W) — TL(W). We call it T-L

algebra.

Let v be in W° We denote 6(g,) by g, in TL(W), where in J(W) : g, is equal to
0(Ggs,Gsy--Gs.) = Gs,9sy--Gs,, Where s155..5, is some reduced expression of u. This notation
makes sense thanks to the following proposition.

Proposition 5.0.2. * The set {g,, : w € W} is a K-basis of TL(W), where
Juw ‘= s,9s,--Gs, for any fully commutative element w, and any reduced expression of
W = S5152..5p.

for x,y in H(W) (resp. J(W)), we define the function V" as follows:
V:HW) (resp. J(W)) — H(W) (resp. J(W))

V(r,y) =ayr +ay+yr+r+y+ 1

5.1 A-type Temperley-Lieb algebras *

Here we take K = Q[,/q], here ¢ is an indeterminate.
The A-type T-L algebra with n generators T'L,(q) has a proper sense when 2 < n .

We put T'L(q) := H;. For 2 < n, we present T'L,(q) by a set of generators {g,,, .. , 9o, }+
with the following defining relations:

95



CHAPTER 5. TEMPERLEY-LIEB ALGEBRAS

® 90.90; = 90,905 for 1 <i,57 <mnand|i—j|>2.
® Go:00i100i = GosssJosoiss, for 1 <i<mn—1.

® 92 =(0—1)9s, + ¢, for 1 <i < n.

® V(9osrGossr) = 0, for 1 <i<n—1.

As said above T'L,,(q) has a canonical K-basis {g, : w € W¢(A,)}.

5.1.1 Presentations

1 q 9o, +1
We set § = = . Set f, ==
24+q+qgt  (1+9)? Jou

with for i =1,2,... | n.

Hence, g,, = (¢+ 1) f,, — 1 fori=1,2,... /n.

Proposition 5.1.1. The algebra T'L,1(q) is presented by the set {f,, : 1 < i <n}, with
the following defining relations:

o fofo, = fo,for: for1<i,j<mnand|i—j| > 2.
. f(i = fo,, for all i.
b fa'ifo'i+lf0'i:5f0'i7 fOT’]_SZSn—]_
o fo,foi 1 foi =0f0, for2 <i<n.
Moreover, f, is well defined in the natural way, and the set {f, : w € W(A,)} is a

K-basis of TL,(q).

1+¢q 1

L R

Vi Vo

Proposition 5.1.2. The algebra T'L,,11(q) is presented by the set {E,, : 1 <1 < n}, with
the following defining relations:

Now, we set F; :=

o £, E, =L, E,, for1<i,j<mnandl|i—j|>2.
o 2 = %Em for all i.
o By FEy, By = Es,. for1<i<n-—1.

o I, E, E, =E,,. for2 <i<mn.

E, is well defined in the natural way, and the set {E, : w € W(A,)} is a K-basis.
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This presentation is called diagrammatic presentation, for, each E,. can be presented
as a diagram, it will be explained in the next section.

5.1.2 T7,,; factors through TL,(q)

We set 6, the natural surjection H,(q) — T'L,(q) (0, is the Id map). Basically, the
ideal by which we quotient H,(q) is the ideal generated by > ¢, for 1 <i<n—1,

’w€<0'i70'i+1)

i.e., the ideal generated by V(gs,, go,,,), for 1 <i <n —1. If n < 3 we see that
gUigUi+1go'i+2V(gUi’ go’i-’—l)go_'iiggo_'ii_lga_'il = gUiO'i+10'i+2V(gUi’ gai+l)go_'i£'i+10'i+27

which is equal to V(go,,,, go,,»)- In other terms: the ideal J(An) is (V(9oys 9o2)) 1, (g)-

We consider the Markov trace (7;)1<; on the tower:

Ho(q) C Hi(q) ... C Hyo1(q) C Hy(q)

This tower induces obviously, a T-L algebras tower, the fact that 7L, (¢) could be viewed

as a vector subspace of H,(q) , together with the parabolicity of H,_1(q) in H,(q), allows
to view the TL-tower as a tower of inclusions, as follows:

TLo(q) € TLi(q) ...CTL, 1(q) CTLy,(q)

In Hy(q), we consider the element V (¢,,, gs,). We apply 73 to this element:
T3 (V(gal,g@)) =T3 (gazgalg@ + 902901 + 901902 + Gou + Gou + 1)

= (;})373 (TUQTalTUQ) + 2(;//1)27—3 (T@T"l) + ;//17—3 (ng)

n ;1 (1)) + (1),

q/2(q//2 _ 1)((]/ + q//3)
q//352 ’

That is: 7'3<V(ggl,gg2)> =

So 73 (V(gal,ggz)> = 0 when ¢ = £1 or ¢ = —¢”*. We are interested in the case

where ¢” is not a constant, that is ¢ = —¢”3, That is ¢ = —q% and ¢ = q% (modulo
a change of variable). Notice that this is the case of Jones polynomial (in the litera-
ture ¢ is denoted by ¢, as in last section). From now on, we keep this notation. Here,
S=q¢+q¢"=/q(qg—1) and P = ¢'¢" = —¢*, while £ = —1—\%‘7. Since we are interested
in T-L algebra until the end of this work. The reason of such choice is the following
proposition.
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Proposition 5.1.3. With the above notation, we have:

o For2 <n, the trace 7,41 is null on (V(9oys 9ou)) (o) -

e For 0 < n, the trace 1,41 on H,(q) factorizes through T'L,(q). We keep the
same notation 7,41, to denote the trace induced on T'L,(q).

Proof. Using a direct computation the proof follows. O]

Hence, there exists a unique collection of traces (7,,41)o<n Over (T'Ly)o<n, such that:

(1) m(1) =1.
(2) For 1 < n, we have 7,41 (hT;') = 7,(h), for any h in TL,_1(q).
(3) For 1 <mn, every 7,41 : TL,(q) — K verifies

Tni1(0T,, ¢) = 7, (be) and 7,,41(a) = —iﬁqrn(a). As above T, here is |/qgo, -

5.2 TL,.1(q)

Let 2 < n. We define TL,1(¢) to be the quotient of H,,1(q) by V(901 95,)) 7 (e

We have a presentation of T L, (q) [GL98], with set of generators { 9o1--Yons Ga,, +1}, and
with the following relations:

® 90.90; = 9o;90;> for 1 <i,7 <nand|i—j|>2.

® 95:9an+1 = Gani19ois for2<i<n-—1land|i—j|>2.
® 90,9090 = Yois19o:Goiir for 1 <i<mn-—1.

® 05.9an:190; = Gani190:9ani1s for 1 =1,n.

° g5, =(a— 1o+, for 1 <i<n.

i ggnJrl - (q - 1>gan+1 + q7
b V(gUiigUH—l) = V(gcrlagan+1) = v<g0'n7gan+1) =0, forl<:<n-—1

The set {gw Tw e WC(An)} is a K-basis. As above, we make a base change by setting
T,,., (resp Ty, for 1 <i < n) to be \/qga,., (resp \/qgo, for 1 < i < n). Hence, T,, is well
defined for w € WC(An), and it is equal to q@ gw- The multiplication associated to the
basis {Tw Tw E WC(/LL)}, is given as follows:
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TwTy = Ty whenever [(wv) = l(w) + [(v).
T.Ty = /a(qg— )Ty + ¢*Te whenever [(sw) = [(w) —
For w, v in Wc(ffn) and s in {01, ..., O, Gpi1}-

5.2.1 Presentations

The algebra T'L, 1 (q) has two presentations [GL03] [GL98], similar to those of 'Ly 1(q)
in 5.1.1. In particular T'L,,11(¢) can be presented by the set {E%H, E,; 1<:< n}, with
the relations in proposition 5.1.2 together with the following relations:

¢ Ean+1E EanJrlE(fZ? for 2 S 1 S n — 1.
° K, Ean+1E Eap for i = 1,n.

b Ean+1E Ean+1 - Ean+17 for i = 1, n.

[ ] E2 — L_EJ

an+1 V6§ Ont1”

Where E,, (resp. E,,.,) to be \}ggﬂl (resp. \}%) This is called the diagram-

matic presentation. The generators can be viewed as follows:

1 2 n-1 n i il
} 1 } L 4 ® 1
I I I |
I I I |
| I | |
| I | |
| | | |
| | | |
: : : N :

1 2 n—1 n 7 141

S RS
S

Figure 5.2: E,

n+1
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The diagrams are multiplied by concatenation in the usual way. E, for 1 < i <
n generate T'L,,1(q). It was shown by Jones that this presentation is faithful. The
same thing is true for ﬁnﬂ(q). Saying that ﬁnﬂ(q) is given by the (generators and
relations)-presentation above, is equivalent to saying that: its diagrammatic presentation
is faithful, and it was proved to be so, in [FG99]. The diagrams resulting from the
concatenation of E, ., and E,, are called, in this work: affine diagrams (in literature:
admissible affine diagrams). As shown in the following diagram, they are such that the
boundary points are in even number:

Figure 5.3: An affine diagram

5.2.2 TL,.(q) surjects onto TL,(q)

We recall the surjection of 4.3.3 from ﬁmi(\q) onto H,(q). We call it e,,. We claim
that this surjection induces a surjection from T'L,1(q) onto T'L,(q), in the same way as
for the Hecke algebras, i.e., we consider the set {901,902, vy o s ganH} as the usual set of

generators of ﬁnﬂ(q)/\(we keep the same symbols for the images of generators under the
natural surjection of H,11(g) onto T'L,;1(q), called 0},). Now e, sends g,, to g,, in H,(q)
for 1 <4 < n, while it sends ga, ., t0 Yo,--9on_,90,95.,--9s, - We define e/, from T'L,;1(q)
to TL,(q) in the very same way. It is clear that to show that e/, is a homomorphism, we
are reduced to show that in T'L,,(¢q), we have:

V(€ (9anir)s €0(90)) = V(€(90)s €1 (Gansn) ) = O,

with €, (ga,..) = €n0n(garr) and V (€} (da, 1) €(901)) = €nbi(V(Ganirs 9) )

As we mentioned in 5.1.2, we see that V(ga,.,,90) = ggnlﬂalaQV(ggl,g@)ganﬂalgz.
The same for V(¢s,, ga,.. ), which is equal to g;}anHmV(ggl s Yos)Jonansror- Oince V(go,, Goy) =
0in TL,(q) we see that e/, is a homomorphism, hence, epimorphism. After setting N/ to
be the ideal in T'L,11(q), generated by go,0os---9o, — Jans1Jor---Gon_1, We get:
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Hn—l—l(q) = Hn(‘]) D qum
0,
TLyi(g) = TLu(q) & N

5.2.3 The tower of affine TL-algebras

We consider the monomorphism F : ﬁn(q) — fl\nﬂ(q) of proposition 4.3.3, which
allows us to define the map:

F, : TLy(q) — TLns1(q)
ly; —> o, for 1 < <m—1

—1
tan, ¥ 9onYani1Ye, -

Lemma 5.2.1. F,, is a an algebra homomorphism.
Proof. In order to show that F), is an algebra homomorphism, we are reduced to show
that:
Fo(V(ta, te,)) = 0 and Fo(V(ta,, ts,_,)) = 0.
Starting by the first term:

F, ((tota,to, +tate, +tota, +ta, +15 +1)

= o1 Yo Jans1 G Jor + Go19or Gansr G + GorGanss G 91 + Gor Gansn G- + Gou + 1

1 1 1
= 5901gangan+1gangal + &ga1gvn9an+1gon + (1/Q)gan9an+1gango1 + gganganﬂgon
1— 1— 1— 1—
+ g(Tl + 1 + q gUlgo'nga7L+lgO'1 + q gUngUnga7L+1 + gangan+lggn + q go’ngan+1

Hence, F, (V(tan,tm)) is equal to:

1
&gO'n (gUlgan+1gU1 + go'lgan+1 + gan+1gal + gan+1)g0'n + 9o, + 1

]_ _
+ Tgon (9o1Gans1 901 + 9o1 Yansr + Jans1901 + Ganis)-
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Thus,

q—1 q—1
Fo(V(ta, te)) = (Tgan — on +1-1)(1+g,,)=0.

For the second relation, we have:

( tUnfltantUnfl + tanto-n71 + to'nfltan + tan + to'n,1 + 1)

= You19onTans19n Gous T Yo GonTanirIn + YonGanssIn Jous + GondanisGn ' + Jous + 1
1 1 1 1

= 7go'n71 go’ngan+1ggn ga’nfl + 7g0'n71g0'ngan+lg0'n + 7ga'ngan+lg0'ng0'nfl + 7go'ngan+1g0'n
q — q q q

- q q
+ ga'nfl + ]' + q ga’nflgangan+1ggn71 + q go’nflgo'ngannkl + ga’nganﬁ»lga'nfl
q—1
+ q gangan_H'

The braid relations show us that this has the same shape as the first relation.

qg—1 qg—1
SO’ Fn(v(tan7t0'nfl)) - (T 41 Tgan+1 +1- 1)(1 +gan71) = 0.

O

Now we can talk of the tower of affine T-L algebras, (we do not know yet, whether it
is a tower of faithful arrows or not):

TLi(q) =% TLa(q) 2 TLs(q) — . TLa(q) = TLyta(q) — ...
Recall the surjection e}, of Tznﬂ\(q) onto T'L,(q). This surjection respects the homo-

morphic images of TLy(q) (vesp. TLyn.1(q)) in TL,_1(q) (vesp. T'Ln(q)), that is: for all
n > 1, the following diagram is commutative:

_ F,
TL,(q)

> ﬁn—i—l(Q)

TL,-1(q) > TLn(q)
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More generally, we have the following commutative diagram:

K[B(A,_1)] > K[B(A,)]
K[B(A,_1)] > K[B(A,-1)]
/ ﬁn(Q) ( ) ﬁ”+1<Q)
Hn:(Q) > H:(cz)
/ T\Ln(q) > T\LnH(q)

TL,1(q) > TLn(q)

5.3 Bibliographical remarks and problems

We follow [GLO1] when stating the general definition 5.0.1 (introduced by Graham)
and proposition 5.0.2. For the definitions and presentations of 5.1 we have followed [GL03]
and [GLIS].

Actually, we could have started with a T-L algebra following Jones, by choosing a
ground ring K = Q[v/t] for some parameter ¢, and defining T'L,,(¢) by the generators
{90y, , 9o, } and relations of 5.1 but changing the quadratic relations by:

gz = Vit — 1)gs, — 2, for 1 < i < n. Then the Markov conditions resulting from
proposition 5.1.3, would have been:
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(1) m(1) =1.
(2) Tn-{—l(hgill) = Tn(h), for any h in T'L,_1(q).
(3) For 1 < n, the trace 7,41 : TL,(q) — K verifies:

Tn41 (075, ¢) = 7o (be) and Tp41(a) = — 27 (a).

But anyway, we choose to define the trace on the Hecke algebra, then to see it factor-
izing through the T-L algebra, and that is why we introduced S and P (or equivalently
q and ¢").

Many indications lead to the assumption that, the affine T-L tower is a tower of
inclusions, i.e., that : T'L,(q) injects intoT'L,,11(q), no proof was found, yet.
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CHAPTER il recut la preuve, des cieux. (Joseph)

Affine Markov traces over A-
type Temperley-Lieb algebras

In this chapter we define an affine Markov trace, then we give an example and finally,
we prove that this example is the unique affine Markov trace, that is theorem 6.2.8.

6.1 On the space of traces over 7L, (q)

6.1.1 Markov elements

The aim of this subsection is to prove the following theorem.

Theorem 6.1.1. * Let 1,11 be any trace over ﬁnJrqu\) for2 <n. Then, 7,11 is uniquely
defined by its values over the "Markov elements” in T L,1(q).

We consider F,, : TLy,(¢q) — TLns1(q) of 4.2.3. In this subsection we set I := F},.
We give a definition of Markov elements in T'L,,41(q) for 2 < n. Then we show that any
trace over T'L,1(q) is uniquely determined by its values over those elements.

Definition 6.1.2. For F' as above, and 2 < n. a Markov element in ﬁnﬂ(q) is any
element of the form Ags B. Where A and B are in F(TL,(q)) and € € {0,1}.

The proof of theorem 6.1.1 is divided into three parts. In the first we show some
general facts, in the second we prove the above theorem for n = 2 and in the third part
we prove the theorem for 3 < n.

Part 1

In this part, we suppose that 7,1 is any trace over over ﬁnﬂ(q). We will apply
Tnt1 b0 TL,.1(q) assuming that 2 < n, and show that 7, is uniquely determined on
TLy,+1(q) by its values on the positive powers of gy 0. 1. 01a, +1» in addition to its values

on Markov elements. From now on we denote by w: an arbitrary element in W¢(A,,).

105



CHAPTER 6. AFFINE MARKOV TRACES OVER A-TYPE TEMPERLEY-LIEB ALGEBRAS

Lemma 6.1.3. In TL,.(q) we have:

i=k—1
(1) [ (gonanﬂ--manﬂ)k = (q - 1)<ganonf1--a1an+1)k + Z fi(gananq--manﬂ)z
=1
j=k—1

Ao s norFlt) g T 9 [Fl(t0) 7).

i=k—1
(2) (90n0n71--01an+1)k90n = (q - 1)<gan0'n71--0'1an+1)k + Z hi(gonanq--manﬂ)z
=1
gk k
‘|‘A H W[(Un—l)_l}gon (gan_lan_g..alF<tan)) .

=0
With A in the ground field, f;, h; in F(Tzn(q)) and ¢t = 1.
Proof.

9o, (ganan_l..olan+1)k = (q - 1) (ganan_l..a1an+1>k
+ qgo'nfla'an--UlF(tan)ganF((tan>7l) (gananfy.man“)kil

= (4= 1) (gruon i) +
qun—lo'n72--o'1F(tan)gUn (gananﬂ--manﬂ)k_1¢k_1 [F((tan)_l)] .

So, by induction on k, (1) follows, in the very same way we deal with (2), by noticing

that: ga, .90, = 95, F (ta,)95, = (@ — 1)ans, + 95, F(ta,)-
0

Recall corollary 3.5.2, we deduce that any element of the basis Tznﬂ(q), which is
not a positive power of go,.0, .01an,., is either of the form c(ggngnfluolanﬂ)kggnonfl,,gi,
or of the form goio.mglanﬂ(gongnflnglanﬂ)’fdggngn,l..ai, where ¢ and d are in F(TL,(q)),
1<i<n4+land 0<i3p<n-—1.

By lemma 6.1.3 ¢(gonon 1 01ams1) Gonon_1.0: 1S Of the form

j=h

Z Cj(go-na'nflno—lanJrl )J + M

J=

—_

—

Where h < k, ¢; is in F(T'L,(q)) for any j and M is a Markov element.
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Now we deal with the second form:

k

_ k
Tn+1 (go'i0~~0'20'lan+1C<gan0n—l--glan+1) gUnUn—luo'i) = Tn+1 (gUno"n—l~~Uigo'i0~~0'20'1an+1C(go'nUn—l--Ulan+1) )

For any possible value for iy or ¢, we see that:

k s I

!
ga’ngnfl--gigo'io--U2alan+1C(ga'no'n71~~a'lan+l) - Cga'n<g0'n0'n71-~a'lan+l) c.

Where ¢/, ¢ are in F(TL,(q)) and s < k+ 1. By lemme 6.1.3 we see that this element
is of the form:

j=h ,
Z fj(gUnUn71~-ala7L+1)J + M7
j=1

where h <k +1, f; is in F(TL,(q)) for any j and M is a Markov element .

Since we are dealing with elements which are not Markov elements, we see that, in
order to define 7,,,1 uniquely, we are reduced to compute 7,1 (Q(ggnan_l_,glan +1)k), where
1 < k (since if k is equal to 0 then we are again in the case of a Markov element) and §2
is in F(ﬁn(q)>

Lemma 6.1.4. Let 2 < n then 7,11 is uniquely defined by its values on Markov elements,
in addition to its values on (gangn_l_,glan+1)k, with 0 < k .

Proof. In order to determine = 7,14 (h(gangn_l_,glanﬂ)k), with a positive k£ and an ar-
bitrary h in F(ﬁn(q)>, it is enough to treat Tn+1(F(tgg)(ggnan_l._glanﬂ)k), with 2 in
W¢(A,_1), but the fact that 7,,, is a trace, in addition to the fact that g0, | crans,

acts as a Dynkin automorphism on F(ﬁn(q)), authorizes us to suppose that x has a
reduced expression which ends with o,,_;.

Now we show by induction on I(z), that Tn+1(F(tx)(g(,ngn_l,,glanﬂ)k) is a sum of val-

ues of 7,41 over (ganan_l..glanﬂ)k, elements of the form h(ge,o, 1. 01an.)" With i < k and
Markov elements, (of course with coefficients in the ground field which might be zeros).

For [(z) = 0 the hypothesis is valid. Take [(z) > 0, and let = z0,,_1 be a reduced
expression, hence:

Tn+1 (F(tx) (gon0n71..cr1an+1 )k) = T’I’L—‘,—l (F(tZ)F(tUnfl)gUnO'nflna'lan«kl (gUnO'nflna'lan«kl)k_l)

= Tn+1 (F(tz) 9o,-190,90,_1 9or_s..01an+1 (gananﬂ--manﬂ)k_l)'
N— ———

:_V(go‘n,1 ago‘n)
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This is equal to the following sum:

— Tn+1 (F(tz)(ganan_1--01an+1)k>

F(t2)90, 1900 .01 Yani1 (ga'no'n—1~~0'1an+l )kil)

(

— i1 (F(£) G s (G s )
(F(t)90n 19on 200 JonGors (Gononroran11) )
(

F(tz)gonfz-cn 9onGani1 (90n0n71.-01an+1 )k_l) .
———

Now we apply the induction hypothesis to the first term. The second and the third
terms are equal to:

Tn+1 (F(tz)go'nlgo'n2~~01F(tan)gUnF((tan)1) (go'no'n1-~0'1an+1)k1>

+ Toi1 (F (tz)go.n72“a-lF(ta{n)go’nF((tan>il) (ganon1.~01an+1)k1> )

which is equal to:

Tn+1 <¢1k [F<(tan)1)]F(tz)gan_1gan_2..o1F<tan>(gon(ganan—l.-manﬂ)k1))

Tt Tnt <¢1k {F(@a")il)} F(tz)ggn—2~‘71F<tan> (gan (gonan_1..alan+1)k1>> .

The fourth and the fifth terms are equal to:

Tn+1 (F(tz>gan_1gan_2..01F(tan) (gan (gO'nUn—l-vo'laWH-l)k_l))

s (F ()0 s (1) (00 )

Thus, lemma 6.1.3 tells us that the hypothesis is valid for those four terms. This step
is to be applied repeatedly, to the powers of gy,0,_;.01a,., down to an element of the form

Tnal <h(ganan_1,_01an+l)1), arriving to the sum of:

Tn+1(ganan—1..01an+1) and 7,41 (h/gan—1..o1an+1)>
which is the sum of values of 7,1 on Markov elements, since h,h' € F (ﬁn(q)) ]
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We end this part by the following lemma:

Lemma 6.1.5. Let 1 < k. Then (go,on 1.o1ans1)" 5 a sum of two kinds of elements:
J Ly
(1) Yoo <gon_1an—2..a1F(tan)> Go, o, with j < k.
2) (9onosonoson Ftar)) G S with i <k,
with h, f in F(ﬁn(q)) and 2 < n.

Moreover, in the first type we have one, and only one element, in which j = k, in
which we have:

Proof. Suppose that k£ = 1. Then,

Yonon_1.01an41 = Yon (ga'nfla'n72~~o'1F(tan))o-nF<tan)717

The hypothesis is valid.

Suppose the hypothesis is valid for £ — 1, then, with 2 < k&, we have:

k __ k—1
(g0n0n71~‘glan+1) - (gUno'n—l~-0'lan+1> go’na'nflno'lan«l»l’

)E=1 we have two cases:

here, when applying the hypothesis to (go,0,_1..01a011

(1) gUn (gUnflo'anna'lF(tan))j go’nhga'na'n—l--glan+l7 Wlth j, S k_]‘ Wthh 1S

!

9o, (ganflanﬂ_mF(tan))j GonGononr crana ¥ [h], which is equal to:
190 (Gonsonnorn F(10)) 90 F ((00) )0 1]

+ (¢ = 1) 9onGonon 10100V l(gan_lan_z_alF(tan))] ]w—l [h].

Since, j'+1 < k, the first term is clear to be of the first type, while the second
term is equal to:

-/

(4= 1990 1.0 F (ta ) 9o F ((ta) ™) [ (9o s0m 2000 F(ta,)) |07t 1]+

-/

(q — 1)2ggngn,1“a1an+1¢71 |:(g0'n—10'n72~~0'1F(ta"))] }1#*1 [h}
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Here, the first term is of the second type (with i = 1 < k), and the second
term is of the first type (with 7 = 1).

-/

(2) (gon—mn—z..mF(tan))Z gUnng'nO'n—1~-Ulan+17 with @' < k — 1, which is:

-/

(ggn710n72--01F<tan))Z gangonanq--manﬂ@b_l {f} =

1(9orsonnn P(10)) 90 F ((00,) )0 [1] 4

!

(q — 1)9% (g(,nfl_glF(tan))ggnF((tan)_l>¢_1 |:(gUn—10'n72..0'1F(tan)>Z }@/1_1 [f}

Since 7' + 1 < k, the first term is of the second type, while the second term is
of the first type j = 1. The lemma is proven to be true.

(By induction over k again, the proof of the last formula is obvious).

Part 2

In this part we will consider a given trace 73 over TLs (¢). The aim is to show that 73
is uniquely defined by its values on Markov elements. consider

Fy : TLy(q) — TLs(q)
t0'1 H go’l
tan ¥ Gos9asToy -

In this part we will denote to Fy by F.
Lemma 6.1.4 tells that we can uniquely determine 73 by its values over (gyy0,a5)" for

a positive k beside its values on Markov elements. We know as well by lemma 6.1.5 that
(Gopoias)¥ is @ sum of two kinds of elements:

J o
(1) Yoo (golF<ta2)) gUQh with i < k.
(2) (ng(tag)) o f With i < k.

Here, h and f are in F(ﬁg(q)) .
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Moreover, in first type, only when j = k, we have:

In other terms:

9o (galF (%)) kgag = <90201a3> k izﬁl ' [(F (%))]

=0

r=k—

_ ;1 <ng(ta2)>rg@fr :li[: ' l(F(taa))]
+ l:gl G <galF (ta2)> lg@ fi :lilol v’ l(F (t@))} ’

l
We repeat the same step on g,, (gUIF (ta2)) Jo, for every . We deduce the following:

h Jj=h j
Corollary 6.1.6. For every h > 0, we have: g, (galF(tGQ)) Gy = 2. Cj (ggwlag)]—i-z M;.
5=0 i

Here, c; is in F(ﬁg(q)) for every j, and M; is a Markov element for every i.

Our way to prove Theorem 6.1.1 for n = 3, is to show that 73((90201%)]“) is a lin-
ear combination of values of 75 on Mgr\kov elements and values on elements of the form
(Joporas)", Where h < k and ¢ in F(TLQ(q)). Then, using the induction in the proof of

Lemma 6.1.4, beside the fact that 75(¢sy0,45) 1S @ linear combination of some values of 73
on Markov elements, we see that the work is done.

Lemma 6.1.7. Suppose that r and s are positives ,such that r < s. Then:
T3 ((901F<ta2)) galgaz (90'1F(t ) .{;70'190'2> Z C] <90201a3> + Z Mi)

where h <'s, ¢; is in F(ng(q)) for every j and M; is a Markov element for every i.
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Proof.

TS<(901 F (taz))rgmgaz (gUIF<t(12))sgalgo'2> =

= T3 ((901 F(tGQ))TgUl Goo (901 F(ta, )) 8901 Yosoias (90201a3> - gaz)

= T3 ((901F(ta2))rgal 9os9osias¥ [(901F(ta2))8901] (gazala:s) _1902)
=T3 ((go'lF(tGQ))TgUlgUQ.gUQO'laiS,[?Z) [(901F(ta2))8901]911_3190_11>

= 7-3((901F(taz))r_lgmgzggmgas (F(taz)gm)SF<ta2)ga_31F<taz))

-l ; 9y ((galF(ta2))r_lgalg§29<flga3 (F(tar)gos) F (tas) F@@))

#22 (0nP0) a0 () F (1) (1) )

Now, the term corresponding to % is 73 evaluated on the sum of Markov element and
an element of style ¢;(goy01a5)"- S0, We are reduced to the second term, thus, reduced to:

73<(901F<ta2))r19019329019% (F(taz)gm)sp(taz)gasF(ta2)>-
Obviously, we are in the case:

72 (9 (0) s (P10 F (1), (1)) =

072 (90 (0) ™ o (Pl F (1) )

since gqq F' (ta2) =r (t@)gaz.
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Now,
73 <(galF (tas)) ™02, Gas (F (ta) 9 ) F (tZQ)g@) =
(q - 1)7_3<(901F(taz))r_lg?ng%F(t@) (901F(ta2)>8902>

T

+ qTS((QGlF(ta2)> 71g§1ga3F(ta2)ggl (F(t@)gm)Slg@)‘

Which is equal to the sum:

(q - 1)7_3 ((901F(ta2>)r_lgc2rlF(ta2) 9oy (gUIF(t@))sg@ )

+qT3 <<901F<ta2))T1gc2rlF(ta2>gazga1 (F(tm)gol)Slgm) :

Now, the first term is covered by corollary 6.1.6. Thus we are interested with the
second term:

T3<<901F(ta2))T_19<271 F (ttlz)gcrz (galF(ta2))S_1ga1ga2> =
qTs <(901F(ta2))T902 (ng(ttIz))s_lgmgm)

+ (q - 1>T3<(901F<ta2>)T2901F(t22)902 (901F(ta2))81901902>'

Which is equal to:

qT3 <gaz (901F(ta2)>rgaz (901 F(taz))s_lgm) +

(q - 1)7'3 <(gal F(ta2)>r_an1F<tig)gdz (gal F(t@))S_lgglg@)

The first term is covered by corollary 6.1.6. We are reduced to

<T3(901F(ta2))T2901F(t22)902 (901F(ta2))81901902>7
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which is equal to:

(q - 1>7_3 <902 (901F(ta2)>r_1902 <901F(ta2))s_1901>+

qTs ((901F(ta2)>r2901 Yoo (golF(tm)) 871901 gaz) .

The first term is covered by corollary 6.1.6. Thus, we see that, in general, the value
of 13 over (gglF (ta2)) 90190, (galF (ta2)) 9o, 90, can be shifted to its value over:

(901F(ta2))r_2901902 (901F<ta2>)s_1901902-

After a finite number of repetitions of the computation above (with the possibility of
exchanging r and s), we see that the lemma is proven modulo determining:

T3 ((901F(t02)>m Yo1902901 F<ta2)g€f1902> .

We see that the terms corresponding to —g,, and -1 correspond to Markov elements.
While those who correspond to —g¢,, g, and —g,, are covered by corollary 6.1.6 for h = 1.
Finally the term corresponding to —g,,9,, is covered by corollary 6.1.6 for h =m .

]

Lemma 6.1.8. Suppose that r and s are positive such that r < s. Then:

j=h .
T3 <ga3F(ta2> (galF(ta2)>59a3 (ga1F(ta2))T) = ZO Cj (gU201a3)] + Z Mi’

Where h < s , ¢; is in F(ﬁg((])) for every j and M; is a Markov element for every i.
Proof.

00 () (0 00)) 30 02) ) =
T3 (gag (90201a3)7190201a3F<ta2) <901F(ta2))sga3 (901F(ta2))r> =
T3 <9a3 (9o20105) Ty (7 (ta2) (900 F (t02)) | Goaerss s (9, F (tm))r> =

75 (ggfgg;gm (F(ta))9o,) 90290192, (90 F (%))r> :
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Here, we see that this term is a sum of two terms coming from g7, = (¢ — 1)ga, + ¢
The term corresponding to (¢ — 1)ga, is covered the same way as in the last lemma (with
as instead of o, above. Hence we treat the term corresponding to ¢, that is:

T3 (g;11 &r}i (galF(ta2)> ’ 951902901 (901F(ta2)>r> .

Before applying TL relations, we see in the same way as above, that we are reduced
to the next value (otherwise, it is 3 evaluated on a Markov element):

73 (gt;fg‘zi(gUlF(t02)>ng1gdng1 <901F(ta2))r>‘

We see that the terms corresponding to —g,, and -1 correspond to Markov elements.
And those who correspond to —gs,4, and —g,,, are covered by corollary 6.1.6 for h = s.

The term corresponding to —g¢,, s, is:

73 (gafgaz (901 F(tar)) Gors G (900 F (taz))T> :

which is:

1— 1

1 T3 ((901 F(ta, )) 5901 Yoo (gm F(ta, )) Tgaz > + &7_3 <go1 Yoo (901 F(ta, )) 8901 Yoo (901 F(ta, )) T)

The first term is covered by corollary 6.1.6 for h = r. The second follows by lemma
6.1.7.

Let us go back to Tg(gawlanﬂ)k. The aim is to show that:

k g=h ‘
T3 (gO'QUlan+1) = T3 ( Z Cj (9020103)] + EzMZ) )

J=0

where h < k. By lemma 6.1.5, it is sufficient to deal with:

k i=k—1
9o, <901F(ta2)> Yo 1:[ ¢i[<F(tQ2)_l)]'

It is clear that this element is written as a linear combination of four kind of elements:
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where h < [4] < k, since 1 < k.

1) We start by 73 (g(,2 (gc,lF(taz))kgc,2 (galF(t@))h) Which is equal to:

T3 ((gm F (t@))k 9o (9o F (t@))hg@ ) :

follows directly, regarding corollary 6.1.6 .

2) Now we consider

T3 <902 (901 F(taz))kgoz (gUIF(tCLQ)> hg<71> ) (6.1)

which is equal to:

T3 (goz (gUIF(tGQ))ngQ (gU1F<ta2))hgalg‘72‘71an+1 (gmal%) _1> -

73 (902 (901F(ta2))k9329019a3w[(galF(t@))thl] (9‘72‘71“3)_1> -

h

7—3((galF(ta2)>k_1giggU1ga3 (F(taz)go'l) F(tGQ)ga_;;lF<ta2)>7

with the very same steps as used above, we see that we are reduced to :
_ h o
T3 <(901F(ta2))k 1golga3 (F(tag)gol) F(t@)gaBF(t%)), which is:

Tg<(gglF(ta2>)klgcr1 gaaF(ttm) (golF(taz))hgasF(t@)) =

| 2 S —
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T3 ((gglF(taz))k_lgo.1 F(t@)gg2 (gglF(t@))h F(t@)gg2 ), which is equal to:

(0= 17 P(002) 2 000 F 002)) 00 ) + a3 (00) s (00, P 102))" 0 ).
we see that corollary 6.1.6 covers the first term. Thus we see that:

k h
T3 (ga2 (galF(tQQ)) Jos (gglF(ta2)> ggl) in (eq. 6.1), is shifted to:

T3 (gog (90, F (taz))kgaz (90, F (taz))hlgm) :

going on in this manner, we arrive to:

T3 <gaz (901F(ta2))k902901 F<ta2>gal) )

with the same steps above, we see that we are reduced to

T3 ((gglF (t@))kg@ 9o, F' (tfm) g@>, which is equal to

(q N 1)T3 ((galF(t@))kgazgo1F<ta2)902> +4q73 <<901F(ta2))k902901902>a

corollary 6.1.6 and TL relations end the job.

3) Here we deal with 73 (g@ (gglF(taz))ng2 (F(t@)ggl)hF(t@)), which is:

™ (F (tar ) 92 (952 F (tar)) " 9os (F (tar) g, ) h)
= <ga3F(ta2) (gglF(tGQ))kg@ (F(ta,) gC,l)h)

=73 <ga3 (F(taz)gm)kp(taz)goz (F(ta2>g0'l> h) )

but, g,, = F(t;;) gasF(t@), thus:
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T3 <9a3 (F<ta2 )90, ) kgag F (taz) (F(taz )90, ) h)
= T3 <9a3902101a390201a3 (F(taz)gm)kgagF(taz) (F(taz)gm)h)

=7 (g@lw [(F(tan)902) ] 9oaoras s F (tas) (F(tm)gal)h%f) :

as we have done above, using the quadratic relations, we see that we are
reduced to:

T3 (ga2¢ (F (%)gal)k} G090, F (tay ) (F (tag)gal)hg;f>
=3 (go2¢ (F (ta2)9m)k} 90290 F (12,) (90, F (taz))h_1>
= (q - 1)7—3 <902¢ [(F(tm)gol)k}gaz (901F(ta2))h> +

qTs (%ﬂb [(F(taz)gal)k} o290, (gm F(tm))h1> )

the first term is covered by corollary 6.1.6. For the second we see that it is
equal to:

qTs <g02 (901 117’(15(12))116902901 (golF(taz)) hl) , which is equal to
q(q - 1)7-3 (gaz (901F<ta2>) kgoz (901 F(tzm))hl) +
q2T3 <902 (gcn F(taz))kgazF<ta2) (901 F(ta2)>h2> )

the first term is obviously, covered by corollary 6.1.6, for the second one we see
that it is case 3 itself, but with h — 2 instead of h. Thus, we get two elements
for 73 to be evaluated on:
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[a ] 9o, (901F(ta2))k902F(ta2)901F<ta2>u

[b ] 9o (galF(taQ))kg@F(taz)(ga1F(ta2))2-

For [ b | we can repeat what we have done until arriving to:

k
T3 (g(,2 (gglF(ta2)) G020y gglF(tm)), which is the following sum:

(¢—1)7s ((galF (tag))kg@galF (taQ)g@) +qm3 <(901F (t@))k 9o F (tay) 9o )

F(tag)gagF(tag)

obviously, the first term is covered by corollary 6.1.6, the second term is a
Markov element.

For [ a | we see that:

(0 (00 P 00)) 0 (102) 00 F (1)

= T3 (.902 (901F(ta2))k71901 F(taz)gazF(taz) 901F<ta2)>

93, 9a3

= (q - 1)7—3 <902 (901F<ta2))k_lgmgozgasng(t@))+

qT3 (902 (.901 F(ta2)) k*1g01 gasng(taz)) )

the first term is covered by corollary 6.1.6, since it is equal to:

(q - 1)7—3 <(901F(ta2))k1901F(ta2)902901F<ta2)902>'

For the second term, we see that:

qTs (goz (gm F(taz))k1901ga3golF(ta2)>

= qTS((ng(taz))k1901ga3901F(ta2)902>
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= qTB((901F(ta2)>k_lgalga39cf1ga3F(ta2>>

o) ).

which is a Markov element, since g, = F(ta,)go, F(1;}) .

a2

. k h . .
4) We deal with 73 <g02 (galF (ta2)) Jos (F (ta,) ggl> > , using the same techniques:

T3 (902 (901F(ta2))k902 (F(taz)gm) h>
=T3 (902 (901F(ta2))k902 (F(taQ)gm) th201a390'210'1a3>

= T3 (.902 (gU1F(ta2)>kgiggo'1 gas <90'1 F(t@))hga_glznag) ’

so, we are reduced to:
k—1 h . .
T3 ((gglF(t@)) 901 9as (gglF(tQQ)) gaSF(ta2)>. Which is equal to:

T3 ((901F<ta2>)k1 9o1Y9a3904 F(taz) (go1F(ta2))h1F(taz)goz>v

V(gal »Jag )

for -1 and —g,, it is a Markov element. For —g,,9,, we see that:

(90 F0) s 10 30 P 0)™ P 10

=173 <9a3F(taz> (901 F(ta2)> k_lgas (901F(ta2))h> )

which is covered by lemma 6.1.8.
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For —ga,,, we see that:
. ((ng@aQ))“gaBF(%) (ng@@))“F(tm)g@)
= P00 (2 (P 0) 0 (1))
= (¢-1)m <(g01F(ta2))k1g02 (gglF(taz))h2g01F(t22)902>+

a3 ((galF (t)) 901002 (95 F(tar)) 9o T (t§2)gaz> :

the first term is covered by corollary 6.1.6. We do the same thing with F(t2))
in the second term, we arrive to:

h—

q27—3((ng(taz))k_nggaz (galF(ta2)> 2901902):

which is the case of lemma 6.1.7.

For —g¢,,94, we see that:

T3<(901F(ta2))k1901ga3F(ta2) (901F(ta2))h1F(ta2)goz>
= 2 (P 0)) g (00 P 00)) ™ F (1) )
= (0= 1) (00 F000) 0 (00 F0) ) ¢

g3 ((galF (twr)) Gou (9 F (taz))“gmg@) ,

corollary 6.1.6 covers the first term, while the second term is covered by (1)
from our four cases.
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Part 3

In this part we treat theorem 6.1.1 in the case where n > 3. By corollary 3.5.2, for
2 < n, any element of the basis of T'L,1(q) is a linear combination of two kinds of
elements, namely:

I= Fn(tu>(g0'na'n71~~o'1an+l)kga'na'nflno's’

_ k
IT = gaio--azmanﬂFn(tU)(gananq--manﬂ) Jonon_1..03

here, u is in WC(A,;_I), where 1 <s<n-+1with0<iy<n-—1and0<Ek.

By lemma 6.1.3 we see that:

(g(fngnflno'lanJrl)ngn =(q—-1) (gﬂnan—l--alanﬂ)k

i=k—1 i
+ Z hfz (ganan_l..a1an+1>
1=1
j=k—1 . k
+ A H QSJ[(Unfl) }gan (gan_10n_2..01F<tan>> >
=0
but, I = Fn(tu) (gonan_l..alanﬂ)kgan 9on 1.0, that is:
I = (q - 1)Fn (tu) (ganan_l..a1an+1>kgan_l.ﬂs
i=k—1 i
+ ; thn(tu) (ganon,l..alan+1> 9op_1..06
j=k—1 . o K
+A I_IO Fn(tu)¢][<0n—1) }gan <90n710n72--01F(tan)) Yon_1..05-
j=

Using the action of gs,.0, . .01a,,, O1 F.(TL,(q)), we see that:

i=k .
I = Z Fn (tb1> (ganan_l..alan_H)Z + Z Fn (tbj>ganFn (tdj)a
i=1 j

where b;, ¢; and d; are in We(A,_1), for every i and j.
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Now, we see, as well, that:

Il = gaio--azmganHFn (tu) (gUnO'n—l--o—lan-‘—l)ngnO'n—l--o—s

= gaio..agol Fn (tan) 9o, (gcrnan_l..alan.,q) ) wk [Fn (t(;nl)Fn (tu>]ganan_1..asa

Slnce gan+1 = Fn(tan)gUnFn(t(:nl)
By lemma 6.1.3, we see that I is equal to:

(4= Vs Fo (0, ) (oo ) 08 [Fa (62 Fut)] g s

i=k—1

+ ; gUi0~-U2Ul (an)fz(gona ~1. o1an+1> wk[ (t;j)Fn(tu>i|gUnUn71~-Us

j=k—1

+ Aoy s Fo(t0.) (901000 F (1)) G, H WF () ) |08 [ Falte D Falta) | 9ononr.ou

which is equal to:

=k .
+ ; F” (t%) (gUnUn—lnalanH)lgan Gop_1..0s
j=k—1
+ Agaio‘.azoan (tan) (go'nfla'nfl.o'l F(tan))kgan j 1_[0 wj [F((tan)_l)} Q/Jk [Fn(t;nl)Fn(tu)} [
j=

where 2/ is in W¢(A,_;) for all i.

Now we repeat the same step as for I, to get the next corollary.

Corollary 6.1.9. Let 3 <n. Let w be in W¢(A,) .

Then there exist 0 < k and 1 < s < n+ 1. There exist x; , y; and z; in WC(A;_l)
[With the convention W¢(Ay) = W(Az)} such that:

i=k

GJuw = Z F, (tzz) (ganan_1..o1an+1> + Z F, ( yj)gan n(t2j>g0'no'n—1~~as'

i=1
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Now we suppose that 3 < n. Consider the following sequence:
TL, 1(q) — TL,(q) — TLp:(q).

We keep using g, (resp. t,,) as generators of TLa(q) (resp. TLyi1(q)). We use ey,
for TL,_1(q). With a simple computation, we see that g, commutes with F,F,_1(e,,),
for 1 < i < n—2, and with F,F,,_1(e,,_,), hence it commutes with every element in

FoFn (Tzn—l (Q))

Lemma 6.1.4 and lemma 6.1.5 confirm that 7, is uniquely defined over ﬁnﬂ(q)
by its values on go, (9o, 10 s.00F (ta,))*go, h, for a positive k and an arbitrary h in
F(TL,(q)). In other terms: 7,1 is uniquely defined over T'L,1(q) by its values over

k
9o, (gan,lo—n,g..alF(taJ) 9o, Fn (tv>, with a positive k and an arbitrary v in W(A,_1).

Set I := 7,14 <gon (gUn—lUn—2-~UlF(tan))kggnpn (tv>> ]

by corollary 6.1.9 we see that:

R Y (99 [ (I
i=1

c

+ 3 Fami ey, ) tos Pt (62,) o s s

J

B

+ Z Fo_1 <€y;>tan_1Fn*1 (€z§)7

J

A

where 0 < hand 1 < s <n — 1. With @, , y;, 2, ¥, and 2/ are in W¢(A,_,).

Actually, we have added the third term C' to the two terms of corollary 6.1.9, because
we had to take into account here, the case of s =n+1, ie., g,,,, =1 for W¢(4,_1).

For terms of Type (A), we see that:

I =71 (%n (90n710n72~01 F”(t“n))kg””Fn (Fn_l(ey})tgn1Fn—1(€z;))>

= Tn+1 ((ganlanz..an(tth))an (Fn—l(ey}))ganFn (tanq)ganFn (Fn—1<€z}))>
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= Tn+1 ((.gUn—lo'n—Q‘.UlF(tan))an (anl(ey;.)> 90,96, 190y, E, (Fnl(ez;))>

T

= Tn+1 ((90n10n2.‘01F(tan))an (Fn—l(ey;)) 9on_190nYon_r Fn (Fn—l(ez;-)>>7

which is clearly, the sum of values of 7,,; on Markov elements, and elements in
Fo(TLa(q)).

For terms of Type (B), we see that:

I =741 90, (go'n—lo'n—2~~o'1F(tan))kgo'n F, (Fn1<€yj)t0'n1Fn1<€Zj)to'n10'n2~~o's)‘|

= Tn+1|Yon (ga'n—lo'annUlF(tan))ngnFn (Fn1<€yj)ta'n1Fn1<€Zj)tU7L1tUn2~-Us)]

= Tn+1 ganFnanl (eanﬁ..os) (go'nfla'an--UlF(tan))ngnFn (Fn1(eyj)t0n1Fn1(er>t0n1)1 .

Now, we set "F' := F,,, Fy, 1. Fy.
k
We call 0 the image of F,,_1(e,, , ».) under the action of (ganflan%mF(tan)) , thus:

k

n

Iy = Ty [ggn (9o s0n 201 F(ta)) 90 Fu () Fley,) o, (n_1F<ezj>)ggn_1]

n

= Tt [ggn (Fulto s aonan)) 90 Fu(5) (* Fley)) o, (n_1F<ezj>)gan_1] -

Now consider (s, 1o .01, ). We apply lemma 6.1.5 to this element in 7L, (q),
hence, it is the sum of two kind of elements: (1) Markov elements (2) elements of the
form t,, (€5, son_s.01an_1 ) to,_,0, where j < k, and § in F,,_; (ﬁn_l(q)). In the case (1)
we are done. If we are in case (2), then we apply the lemma 6.1.5 on (€4, 40, 5.010,_1)-
We keep going in the same manner, by applying lemma 6.1.5 repeatedly (in fact n — 2
times), we arrive to:

ton ston stor ( Fao1Foo2Fo(*Goia) o to, st A

n—1

= ta'nflto'nf? "tUZ ( F<2g01a2)j)t02 "to"rLthUnfl >\7

2
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where Xis in " F(TLy,_1(q)). We get:
n—1 .
IQ = Tp+1 [gonFn <t0n1t0'n2 ..t0.2 (2 F(2901a2 )j)ta'g"ta'n2t0'n1A> go-nFn (6)

O L A O Lo

n—1

n—1

F(105) ) Goz--Gou 2000190, Fa(A0)

= Tn+1 [gangon1 9o, _o--Goo (2

n—

(n IF(Gyj))tan,l (ZlF(ezj)>gUn11-

n

We set M’ := Fn()\5)< F(eyj))tan_l(

n
n—1

L F (ezj)), which is a Markov element in

TL,-1(q). Hence, we have:

n—1

Tn+1 [ggnggnlgUnQ"gUQ ( F<2901a2 )j)go'Z"gO"anO'nlgUnM/gUnl]

2

n—1

= Tn+1 [ggnlggnggnl Yon_2--9oo ( F(2901a2 )j>902--90n290n190nM/‘| .
—_—

2

We apply the TL relations. The cases corresponding to 1 and g,, , are obvious.

For the terms corresponding to ¢, _,9s,, we have:

Tn+1|Y90,-190y, Yon_2--Goo (

n—1

s FC9010:)) oz s Gou 100, M

= Tn+1 gcrnqgcrnfz"gcrz(

n—1

s FCO0102))9os G0z GonGon 190, M|
\—’_/ ]

We are done, since it is a sum of values of 7,,.; on Markov elements, and elements in
F, (TLn(q)). (the same for the term corresponding to g, ) -

For the terms corresponding to ¢, 95, ,, we have:

n—1

Tn+1 [gUnanngnz ~-Goy ( F(2gala2)j)gaz ~9op_2Y90,_ 190, M, )

2

which is the case of term (A), since M’ is a Markov element.
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For terms of Type (C), we see that:
k ,
I3 == 11 lgUn (ga'nfla'an..Ul Fn(tan)) anFn (F”1(€$i)(t0n10n2-~01a")1)‘|

L (O P Y (AR )

Call v the image of F,_(e,,) under the action of ({5, 0. ».01a, )" Thus:

I3 = Tn+1 [gcan((ton10n2~-01€bn>k)gonFn<(t0n10n2~~01an)i7)] .

As we have seen in the case (B), (t5, 10, ».01a,)" can be written as some of elements
of the form:

n—1

tan71t0n72 "t0'2 ( F(2gala2)j)t02 "to'n72t0'n71 >\7

2
where j < k, and A is in 2_1F<ﬁn_1(q)>.
Call 5 the image of A under the action of (t,. 4. » 51a,)"

The determination of I3 can be reduced to computing the following value:

n—1

Tn+1 [gongan_1gan_2'-gaz ( F<2901a2 )j)gag'-gan_zgnn_lgan (tan_lan_g..alan)in’)/

2

We repeat the same Algorithm to (t,, o, ,.01a,)"- Hence, we get some [ < i, and
some Ain ! | F (ﬁn_l(q)), such that we are reduced to compute:

n—1

Tnt1 [gangan_lgan_z--g@( F(9o10:) ) Gos-- G s G 19 G G-
— —

2

(Z1F(2901a2)l)gg2..ggn2gonIA] )

We see, after using the T-L relations, that the terms corresponding to 1 and g, _, are
values of 7,,,1 on Markov elements.
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The term corresponding to g,, 9o, is

n—1

Tnt1 [gangan_lgan_z--g@ (2 F(9010:)" ) Gos-- G 290190, G-

(Z—lF(2gma2)l>gw ..ggn_Z‘ggn_lA‘|

n—1

= Tp+1 lgan_lgan_z--g@ (2 F(9o105) ) Gors- -G 29019 --Gors

n—1
( FC002)") oG 2 Iou G 190 A] :
—_————

The term in square brackets is clearly a Markov element (the same thing with the
term corresponding to g, )

The term corresponding to g,, 9o, _, is:

n—1 .
Tnt1 [gangan_lgan_z--g@ (2 F(9010:)") Gos-- G290 G192+

5 1F 901a2 )gUQ"gUn—QgUn—lA]

(

= Tn+1 [gangan 1gan gan 2° 902 (n_lF(2901a2)j)902"gan—2gan—1gﬁn—2“g¢72
——_—————

(s

IF 901112 )902"gan290n1A]’

It is a Markov element, theorem 6.1.1 follows.

6.1.2 TLy(q)

In this subsection we parametrize all the traces on the algebra ﬁQ(q), which have the
same value over the two generators of T'Ls(q).

We have: T'Ly(q) = Hy(q) is generated by two elements: 5.+ 8ay,» With only the Hecke
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quadratic relations. That is:

1 1—
gf,l = (¢—1)g,, +q, thus: g;ll = ggal + qq The same for:

1 1—gq
giz = (q— 1)ga2 + ¢, thus: ga2 = &g% + T

Making the same change as in 5.1.2, we set T, := ,/qg,,, and Ty, := /qg,,. Hence
(w ~ ~
T, = (ﬂ) ( )gw for any w € W(A;). The set {Tw;w € W(Al)} is another K-basis of

H,(q). The multiplication law of the new basis takes the form:

T2, = /q(q — 1)Ty, + ¢* thus: T, = =(T,, — /q(g — 1)). The same for

1
7
1

T2, = /q(q — 1)To, + ¢ thus: T,! = (T, — a(g — 1))

(=

Asin 5.1.1, we set f,, = g(”Tll and f,, = g"il In other terms g, = (¢ + 1)f;, — 1,

and g,, = (¢+1)f,, — 1. It is known that TLQ( ) is generated by f,, and f,, with relations
£ =1, and £ = f,,. Moreover, TLs(q) has {fw;w € W(fll)} as a K-basis. The aim
is to parametrlze all traces over this algebra, which are invariant under the action of the
Dynkin automorphism 15, which exchanges T,, and T,,, (that is exchanging f,, and
f,,). Clearly, any trace has the same value on f,, and f,, is invariant under the Dynkin
automorphism 5.

Proposition 6.1.10. Let Ao, A and «; be arbitrary elements in the ground field for
1 <i. Then, there exists a unique trace t on T Ls(q), invariant by the action of s, such
that: Ao = t(1), Ay =t(f,,) and oy = t((£,0,)°).-

Proof. We start by the existence. Let ¢ be the linear function given by:

t: TLQ(q)
t(1) = AO
(fol) = t(faz):Al

(o)) = ((s)") = (o)) = (o) fr) = 0

Where Ay, A; and «; are arbitrary elements in the ground field for 1 <.

We show that this linear function is a trace. First we see that ¢ is, by definition,
invariant under Dynkin automorphism (which is an involution in this case). In other

129 sur 148



CHAPTER 6. AFFINE MARKOV TRACES OVER A-TYPE TEMPERLEY-LIEB ALGEBRAS

terms: t(z) = t<¢2 [z]) for any z in TLy(q). In order to show that ¢ is a trace, we show

that t(zy) = t(yx) for any x and y in ﬁQ(q). The way to do so, is to show that it is true
when x is any element of the left column, and y is any element of the right column, in
the following table:

[1](f512)" 1] (£r10)"
(2] (faz0,)" (2] (fayerr)"
[3](£oa,)* o (3 (fo12)" £
[4](far0,) Lo [4)(fazor) fas

[1-1°], [2-2’], [3-3’] and [4-4’]:
These are clear, since k + h = h + k it follows directly.

[1-2°]:
Here, t<xy) = t((fm@)k(fazm)h) = t((fmaz)kfazm(fa201)h71) = t((fmaz)k(falaz)hilfm)

= t((fm@)“h_lfgl) = Qgth-1,

while, t(ny) = t((fazm)h(fmaz)k) = t((fazm)hfal@ (fmaz)k_l) = t((fazal)h(fa201>k_lfaz)

= Ok+h—1-

[1-3’]:

Here, t(zy) = t((fm@)k(fglaz)hng = t((fglw)“hfal), which is equal to ajys,

Whﬂe? t(y.’E) - t((f01a2)hf01 (f01a2)k) = t((f01a2)h+k) = Qfth-
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[1-4"]:

Here, t(:z:y) = t((famz)k(fazm)hfaz) t((fmaz)kfaz (fmaz)h) t((falaz)k+h) = Qth,

while, t(y:v) = t((fazm)hfaz (fUIaQ)k) = t(faz (famz)h(fmaz)k) = Z€<faz (falaz)thk) = Qth-

[3-4]:

We see that: t(zy) = t( (i) b, (Fier )" ) = t((£r10,) ") = i,

with, #(y2) = #((frs0) " fos (fr2) ) = £((frze)"™ 1) = 0.
[3-17], [3-27], [4-1’] and [4-2’]:
These case follows from [3-17], [2-3"], [1-4’] and [2-4’] by exchanging h and k.
[4-37], [2-17], [2-3’] and [2-4"]:

These cases follow from [3-47], [1-2’], [1-4] and [1-3’], resp, since ¢ is invariant under
the action of .

~_ Now, we end the proof by showing the uniqueness. Let ¢ be a ¢s-invariant trace on
TLy(q). We have necessarily t(f,,) = t(f,,), since ¢ is a ip-invariant, call this value A;.
For every s > 1 we have t((fm@)s) = t((fan)S), since t is a trace, call this value as.

Finally, we have o, = t((fm@)‘*fgl) = t((fawl)sf@), since t is a trace, and f,,, f, are
idempotent. Call (1) = Ay, thus, ¢ is uniquely determined by Ay, A; and «ay, for i > 1.
]

6.1.3 TLs(q)

In this subsection, we parametrize all the traces over TLs (q¢), which are invariant un-
der the action of the Dynkin automorphism 5.

The affine Temperley-Lieb algebra in three generators g,,, g, and g,, can be presented
by those generators with the relations of Hecke algebra, together with:

V(9015 902) = V(9015 9as) = V(9oz» Gas) = 0.
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We consider the same change of generators as in the case of ﬁg(q). Hence, f,, =2 ;ﬂl

with g,, = (¢+1)f,, — 1 for i = 1,2 the same for f,,. ﬁg((]) is presented by these three
generators and the following relations:

32, = fy, fori=1,2and 33 = fas-
Joifagfo; = 0o, and fog fo, fag = 0 fas-

folfcrzfm = 5f01 and f0'2f0'1f0'2 - 5f02'

Here, We will use the K-basis {fw; w e WC(AQ)}.

Lemma 6.1.11. Let h and k be two positive integers. Then:

k h M (fraoras) | Jorh <k
(fazala:s) (fawza:s) = -
53k_1f02a3 (f0102a3) B for h > k.

5 (frioas) | Jorh> k.

(f010’2a3)h <f020’1a3>k =

53h_1f01a3 (fazalag)k_h for h < k.

Proof. By induction, with a direct computation the lemma follows.
m

Now we parametrize all the traces on ﬁg(Q), which are invariant by the Dynkin au-

tomorphism 3. We know that any element of the K-basis { fusw € Wc(flg)} can be
written as follows:
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1 1 1 1
fa3 > (fUQUlas)k < f‘72 or fa3 (fﬂldzas)k fUl
fO'l(lS f0'20'1 f02a3 fUIUQ
Lemma 6.1.12. Let k be a positive integer, then for any w, such that l(w) = 3k, the
element f, is the image, under some power of the Dynkin automorphism 13, of one of
the following elements (fryoras)® 07 (fri00a3)*. The same for any u of length 3k +1 (resp.

3k+2), the element f, is the image under a power of V3 of one of the following elements
(fo’20'1a3)kf0'2 or (f010'2a3)kf0'1 (T‘esp. <f0'20'1a3)kf0'20'1 or (fago‘lag)kfalo'g)-

1 1
(fosoras)® o and (foro2a5)" o
foz01 foros
Proof. The proof is direct, by induction over k. O

Proposition 6.1.13. For 1 < i, let By, By, By and 3; be in K. Then, there exists a

—

unique, Ps-invariant, trace over TL3(q), say s, such that: By = s(1), By = s(fy,), Bs =
S(falcrz)u 61 = 5(f0102a3)7 Bk = 5((fa102a3)kf01) and Bk = %3((f0102a3)kf0102>~

Proof. For the existence, we consider the following linear map, we can show, using lemma
6.1.12, that it is indeed a v3-invariant trace.

s is given as follows, s : ﬁ;;(q — K
8(1 = Bo,

)
)
s(for) = 8(fo:) = 8(fas) = Ba,
s(fu) = B for any u in W¢(A,) with I(u) = 2,

Br  when [(v) =3k or I(v)=3k+ 1.
and s(fo) = dfk when [(v) = 3k + 2.

Where gy (for 1 < k), By, By and By are arbitrary in the field K. While for the
uniqueness, we follow the steps of the proof of proposition 6.1.10

]
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6.2 Affine Markov trace: existence and uniqueness

6.2.1 Towards a definition of affine Markov traces, existence
Let 1 < n. Consider the following homomorphism:
Fo: TLu(q) — TLnia(q)
8y, > 9o, for 1 <i<n—1

—1
8an T 9onYani190, -

In view of section 2.4.5, in particular proposition 2.4.15 we formulate the definition of
an "affine" Markov trace.

Definition 6.2.1. We call (7,)1<i an affine Markov trace, if every 7, is a trace function
over T'L,(q) with the following conditions

o #1(1) =1, (here TLi(q) = K).
o Toii(Fo(h)TEY) =7, (h). forall h € TL,(q) and forn > 1.

o 7, is invariant under the Dynkin automorphism 1, for all n.

Remark 6.2.2. We notice that the second condition gives us that 7,1 (Fn(h)Ta_nl) —
Tn (h), which means that:

D =7 (h) Thus 7,11 (Fn(h)) = _(H\/(—]l%”(h)'

Fnir (Fu(h)[
Remark 6.2.3. The third condition of definition 6.2.1 is, in fact, not independent, i.e.,
it results from the first and second conditions. We just have to see that if we have two el-
ements in ﬁn(q) (say x and y) such that 1, (x) =y, then F,(x) and F,(y) are conjugate
in TLny1(q), by some power of the element g, .. 01a,,, (we will explain that in the proof
of the following proposition 6.2.4 ). Nevertheless, we will keep viewing it as a condition.

Now, consider the following commutative diagram (see the end of subsection 5.2.3):
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ﬁl(q) _— ﬁg(q) —_— ... — ﬁn(q) _ ﬁn+1(q)
TL1 ~’—)> TL2 . —>TL,_ 1 ~’—}> TL

Set p,41 to be the trace over ﬁnﬂ(q) induced by 7,41 over T'L,(q) for 0 < n.

Proposition 6.2.4. Under the above notations, we have:

o pusi(Fu(R)TEY) = pu(h). for all h € TL,(q). Where 1 < n.

e p; is invariant the action of ¢; for all 1.

— E, —

Figure 6.1: T
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Proof. We have: an(Fn(h)T;il) equals 7,41 <e’n (Fn(h))e; (Tiﬂ)

Hence, an(Fn(h)Til) = Tpt1 (ZBn (e’n_l(hDT(ﬁ) =Tp (62—1(}1)) = Pn (h)

We made use of the fact that the diagram 7" commutes, together with the fact that
(Tn)1<n 18 @ Markov trace.

For the second statement, we show that p, (h) = pn([h]), where [h] is the image of h
under ¢1. So we start from p, (h) =Th (e’ (h)) But since 7,, is the n-th Markov trace,

n—1
we have 7, (eﬁl_l(h)) = —?ﬁanH (mn(e%_l(h))), which is equal to —I—‘ff]TnH (e’n (Fn(h))>,
since the diagram 7" commutes, this term is equal to _?\/ipn_i_l (Fn(h))7 hence to:

V4

_mpmrl (Fn([h]))

q _
_1\_/i__qpn+1 (go'n‘.o'lan#»l Fn(h)ganl..alan_,_l) =

Now we consider the same steps in the opposite direction, that is:
Va _ W / _
—p e (BalhD) = =7C i (€ (Fa((hD) ) = pu([1])-
m

Corollary 6.2.5. With the above notations, in the sense of definition 6.2.1: (p;)1<; is an
affine Markov trace over (T/’Ez(q))

1<q

6.2.2 Uniqueness

Consider the following algebras homomorphism:

Fy : TLy(q) — TLs(q)
gal — go’1
8ay " Yoz Gas oy -

We set F' := F, in order to simplify in what follows. F' can be expressed by the
following form considering the "f' generators, we see that F (fa2) = F(gZiJ;l), which is

equal t0 500,949, + 747, hence to:

1 1 - X
m&Wﬁ”M—Mwﬂmrngw+ma4p-fﬂ+ﬁr

136 sur 148



CHAPTER 6. AFFINE MARKOV TRACES OVER A-TYPE TEMPERLEY-LIEB ALGEBRAS

Thus, we see that:

F :TLy(q) — TLs(q)
fl — f0'1

qg+1
fag — — Tfa30’2 - (q + 1)f02a3 + f0'2 + fa3'

Notice that F(f,,)fs, F(f,) = 5F(f ), and fo, F'(foy) fo, = 0f5,. Since we are inter-
ested with viewing F' (TL2 ) in TL3 , we will investigate in what follows, the elements

(F(falf@))k and (F(f@fal)) , for k a positive integer.

q+1
Set €Ty = F(falfag) = fa’1F(fa2) = _Tfa'ulgo'g - (q + 1)f0102a3 + fa’10’2 + fauzg-

And for 1 < i, we set:

= () (5 S ()05 Fo

+ ( - 1>i_1(q—51>i_1 ;:;302f01a3 + ( - 1>i_1(q + 1) i 0'10'2a5f0'10'2

Notice that x% = 30x1 + x. It is easy to show that:
T1T; = (52$Z’_1 + 2(5[EZ + Tit1, for 2 S i,

i=k—1
thus, for 1 < k, we have ¥ = > ~,2; + x4, here ~; is a polynomial in §, for all 4.
i=1

Notice that z1x; = x12; for 7 = 1,2. For j = 1 it is clear, while for j = 2 we have

19 = 2% — 3dz;. Now suppose that 3 < j. We have Tj = T1Tj-1 — 52xj_2 — 20x;_1, hence
we see by induction on j, that z12; = x125, for all 5 .

We define the Q-linear map x : ﬁ}g(q) — ng(q) which sends 1 to 1, and for any
u = $183..5, reduced expression of any element u in W¢(A,), it sends f, to fs.s,_,.s, With
q sent to %.

Set z1 := F\(f,,f,,). Then

g+1
<1 = F(fa2)f01 = _Tfastmal - (q + 1)f02a301 + f0'20'1 + fa301'
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And for 1 < i, we set

() Y (D) o

O e Y R A =

Notice that x(z;) = z for all i. Now x(z1x;) = x(ziz1) = x(z12;). We see that
x(0) = 6. Moreover, z12; = x(z12;) = x(6%xi_1 + 2630, + Tiy1) = 0%zi1 + 202 + Ziga.

And in the same way, by acting by x, we find that 2% = Z %Zz—l—zk, where 7; is as above.
=1

Consider z; f,, for 1 <1, we see that it is equal to:

i + 1\ ;
( N 1) <qq) 710302 T ( - 1) (q T 1) ‘71(’2a3f

G i A I (AR

which is:  (— 1)’ (q;rl)i ! vson +5(=1) (g +1) Fir ks Foron

(=) () (1) g+ ) o

i-1\4 +1 ol i i— i—
Hence, z; f,, = [(—1) 1”} + {( )" (g+1) 2} e ooy For 1 <.

qz 01a302

qg+1
7](01&302 - (q + 1)f0102a3f02 + f0'10'2 + f0'1¢13f0'27

In particular 1 f,, = —

thus,
-1
xlfoz - ?fffﬂlsaz + mfamz'

Now we apply x to z;f,,. Hence

a+1

forzi = (=1 ala + V' s + [T

—2
)Z :|f020'1 a30’20’1 FOI' 1 < 7’

In parthular fo-Qzl - _chrgagal + q_;_ilfUQUI'
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Take t to be any y-invariant trace over TLy(q), determined by Ao, A; and (oy)1<;.
Let s be anyi)s-invariant trace over ng(q), determined by By, By, B2 and (3;)1<;. We
show in what follows that there are a unique ¢ and a unique s, such that ¢ is a
second Markov trace in a given Markov trace, and s is the third Markov trace
(associated to t). So, in order to simplify, we set 75 := ¢ and 73 := s.

At first, being a first Markov trace, forces 7 to have the value 1 over T,, and T,,,

I+g, To A A
but f;, = 477+ = ﬁ + Zita Hence, A; = —%. Moreover, 75(1) = —1—\%’ 1(1). Thus,
Ay = — 114

0 Va-

Now, we have:

and By = #5(fy,) = ——2,(£,) = Ttae va

Remark 6.2.6. 75 must verify 75 (F(h)TUQ) =Ty (h), for every h in TLsy(q).

But, #3(F()T,,) = Vais(F(h)gs,) = vats (F(h) g+ 1) fo, — 1]).

So, \/qs (F(h) [(q+1)fr — 1}) = Va(q+1)%(F(h) fo,) = vars(F(h))

1+q.
\/aq7'2<h>.

Va(a+1)%(F(h) f.,) +va

Hence, our condition becomes

Vala+ D) a(FU) ) = —va—t22 () + £ (k) = g (n).

Thus, we must have

T3 (F(h)fm) = — (q\j/Lal)%Q (h), as an "f" equivalent to 73 (F(h)T@) 7 (h)
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Now, we have:

By, = 7A'3(f0102) - _1\—/?(]%2(1001) = (7q)2

So, under the assumption that our two traces are the second and the third Markov
traces in a given Markov trace, we get the following:

Al_ \/a An = 1+

Tig T

By = (VL)' By = and By = (2)

< ‘

In particular, we have for all 1 < :

7A-3<xlif02) == \/a 7A—Z((fmaz)i)’ and 7A—3<Z§f‘72) - \/a %2((fa201)i),

(¢+1)

In other terms, for all ¢ we have:

iy V4 PP NRL |
7'3(951foz>——(q+1)04i, and 7'3(f0221)——(q+1)0zi.

Since 73 is determined by (;, we can view this equalities as system of equations in f;
and «;. In what follows, we show that this system has at most one solution: (o, 5;)1<;.

For + = 1, we see that we have two equations:

.1 1 Va . q V4
o1a30 o109) — — y d —YJosazo ogo1) — T s
T3((]f132+q+1f1 2) (q+1)a1 an 7—3( Qf231+q+1f2 1) (q+1)a1
-1 1 V4 q V4
thatis — 08+ ——By = — « and — 4+ ——By = — arq,
T g™ I e PR
-1 q Vi ¢ Vi
that is —f; + = — o, and — + = — Q.
q AL (g+1)3 (q+1) " 2 (g+1)3 (q+1) "

Clearly, those two linear equations are independent, hence, they determine a unique
solution (ay, B1). Let us see the equations when ¢ = 2, we have:

7A_3<x%f02) = (q\_/fl)a% and 7A—3(f022%) - = (q\_/f_al)al
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We see that:
! 1 q+1
x%ftm - 35$1f02 + x2f02 - 376f01a302 + 3(]4‘715.]['0102 o ( q2 ) 0'21a302 - f0102a3f0102
=3 3 (g+1) ,
— Wfaumm + mfmoz - q2 fo’la3g2 - f0'10'2a30—10—27
=3 3 (g+1)
ence, 7—3( (xl)f 2) (1 + q)2 /81 + (1 + q)3 2 q2 62 /81
(1+4¢)? ? (1+q¢)2"" 2 r

Now, f,,27 = x (23 f,,)

= x<(1;3q)2> fosasor + X((H_?)q)3> Jos = X<(q; D)

—3¢° 3¢° 2

foogao) + ———= — +1 — . .
2
) 020301 (1 q)3 fazal Q(q ) 02a301 f0201a50201

[z = 1.
020301 0201030201

SO fUQZ% = (1—{—7(]

—3q? 3¢3
Now, w ly the t P £ 22) = + — +1 —0
ow, we apply the trace Tg(fQZl) a q)zﬁl a q)332 q(q+1)B2 — 6/
3q3 3(]2 q
— — + 1)5s.
"0+ 2 q)zﬁl (g + 1)

In other terms, we have the two equations:

C(g+1) . 3+g¢ 3¢ W4
e A (e R PR T
3¢° + ¢ 3¢ V4
VR O T T T ™

Which indeed determine a unique (ay, B2) as a solution.
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Now, have:
i=k—1
v =" yiwi +
i=1
i=k—1
hence, gulffa2 = Z YiTi foy + Tk [os,
i=1
thus
i=k—1 [ i-1(qg+ 1)1 i—1 9| i
ot = 3 | (= ) D | (<) 0 S
i=1 L

g+ DT k-1 k—2| pk-1
+ ( o 1) T 01G302 + (_ 1) (q + ]‘) 0'10'2Q3f0'10'2-

Now we apply 73, we get:

B (q\—{—gl)ak - Z:Z.Z_:l % ( B 1)i_1(€7+q})2_] Bi+ om [( - l)i_l(q + 1)i_2] Bi1

+0 ( - 1)1H(q + 1)’“‘2] Br_1 + l( - 1)“((121)“] By.

It is clear that the coefficients of (3, is not zero, since 3, does not appear in:

a= 3 )T ()

i=1 L

+0 (— 1)k_1(q + 1)’“21 Bro_1.

Now, we repeat the same steps with z;, namely:

i=k—1

2 = Z Vid; + dg,
i=1

i=k—1

hence, f,o2F = Z Yifordi + foydi.
i=1
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Thus,

1=

fUsz = Z Vi

7

k—1
=1

+

(~1)ala+ 1>i—1] e [( _ 1)i‘1<“q1>i—2] foun fiL

[ e O e At

q

Now we apply 73, we get:

V4

(¢+1)

. —

i=k—1 T , - '
> (—1)’q<q+1>"‘1]ﬂi+%5[(—1)’ <qgl>l-2]ﬁi_1
] (-0t s (1) et 0o

The coefficients of ;. is not zero, since 3, does not appear in

B:= Z i ( — 1>iQ<Q+ 1)i1] Bi +%5l( - 1) (

i-1,qg+1

p ) ]@'1

1ol(- 1>’f-1<q+q1>'f-2] B,

In other terms, we have the two following equations, in 5 and ay:

V@ yetle D
_(q+1)ak_A+_< 1) " 1&:,

V4 _ i k k-1
“Grn® =Bt _(—1) (g +1) ]m.

Those are two independent linear equations in 55 and ay, with non-zero coefficients,

by induction over k£ (that is: assuming that (o, 3;) is unique for i < k then (o, fi) is
unique) we get the following corollary.

Corollary 6.2.7. * Suppose that (7;)1<; is a Markov trace over the tower of A-type T-L
algebras, then 7, = p; fori=1,2,3.
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Finally, we sum up the proof of the main theorem: we know, by corollary 6.2.5 that
there exists, at least, an affine Markov trace. Now, corollary 6.2.7 says that in any given
affine Markov trace, the three first traces are py, po and p3 (of corollary 6.2.5), while 6.1.1
affirms that a third trace in a given Markov trace determines a unique forth Markov trace,
and so on for any 7; with ¢ > 3. Hence, we get our main theorem:

Theorem 6.2.8. * (Affine Markov trace)

There exists a unique affine Markov trace on the tower of A-type Temperley-
Lieb algebras, namely (p;)i<;.
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6.3 Bibliographical remarks and problems

In 2.4.1 we gave a new presentation of B(A,), this presentation gives a new pre-
sentation of H,.1(q), by generators and relations, with the very same relations, now,
the question is: what will be the suitable relations, to define the associated presenta-
tion of TL,.1(q)?, since we know that the images, of the "new generators', of H,1(q)
in TLni1(q), indeed generate TL,.1(q), the answer would give a new point of view on
TLy,+1(q), even on the level of diagrammatic presentation.

It is clear that, we can improve theorem 6.1.1, by reducing the elements over which
any trace is uniquely defined, for instance, it is clear that we can avoid elements fixed by
Ypy1 in Fn(ﬁn(q)), as example. Now, the aim would be, to arrive to a "minimal" set of
such elements (clearly it should be a proper subset of the set of Markov elements).

We call attention, to the fact that theorem 6.1.1 was more than "enough" in the proof
of our main theorem 6.2.8, for we need just, the third part! actually we see that corollary
6.2.7 does not leave for ps a lot of choices, so we do not need to prove that it is unique,
since we know that it is, already, so.

We point out the clear fact: the restrictions of the traces (p;)1<; to the tower of A-type
Temperley-Lieb algebras, is the trace of Ocneanu-Jones.

Our main question still stands: what does happened on the "Hecke" level?, i.e., "how
much" there are of affine Markov traces on the tower of affine Hecke algebras? We know
that there exists, already, one coming from our affine trace above, over the T-L tower.
are there any others? If so, do they "all" come from the A-type Hecke algebra?, since we
show that H,1(q) surjects onto H,(q), we know that there are "z" distinguished affine
trace! What about the B-Markov trace, do they come from them? For the moment we
do not know, yet.
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